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Abstract

This paper presents an application of James-Stein (JS) estimation (James and Stein, 1961) to bias

correction in nonlinear panel data models. The maximum likelihood estimator (MLE) in this set-

ting suffers from a first-order bias due to the incidental parameters problem. There are several

analytical bias-corrected estimators (BCEs) in the literature. The JS procedure proposed here

combines the MLE and an analytical BCE to minimize the mean squared error (MSE). Since the

resulting JS estimator is infeasible, a feasible JS estimator is presented. We give conditions under

which it is first-order equivalent to the analytical BCE. Hence, inference about the JS estimator

is standard. Its finite-sample performance is examined in a simulation study of the fixed effects

probit and tobit models. The numerical results illustrate that the JS estimator generally leads to

further bias reduction over the analytical BCE in finite samples. For sufficiently large sample sizes,

this coincides with similar or even smaller MSE.
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1 Introduction

Since the surprising result in Stein (1955) on the inadmissibility of the MLE in the multiva-

riate normal mean problem, James-Stein-type (JS) estimators (James and Stein, 1961) that

shrink an estimator toward a fixed point have been examined to minimize mean-squared

error. Kim and White (2001) propose JS estimators that shrink a given estimator toward

a data-dependent point. JS estimators are often proposed as smoothed versions of pre-test

estimators in statistics and econometrics, e.g. in the context of linear and nonlinear restricti-

ons (Sen and Saleh, 1987; Hansen, 2015a) as well as the Hausman test of exogeneity (Hansen,

2015b). This paper shows an application of JS estimation to bias correction in nonlinear

panel models with fixed effects.

Maximum likelihood estimators (MLEs) of the common parameter in these models are

asymptotically biased due to the incidental parameter problem (Neyman and Scott, 1948),

since there are n incidental parameters for each individual in the panel and T observations

per individual. Hahn and Newey (2004), Fernandez-Val (2009) and Hahn and Kuersteiner

(2011) derive analytical formulas for the O(T−1) bias term. The resulting bias estimators

are obtained by evaluating this analytical formula at the MLE. An analytical bias-corrected

estimator (BCE) of the common parameter is equal to the MLE after subtracting the bias

estimator from it. The key intuition behind proposing a JS procedure here is that there is

“information” in the joint distribution of the MLE and the bias estimator that can be used in

theory to improve upon the analytical BCE. Hence, we propose a JS estimator that combines

the MLE and an analytical BCE using a weighting matrix that minimizes the mean-squared

error (MSE) criterion. This results in an infeasible estimator, which can be based on any

of the aforementioned analytical bias correction methods for the MLE. Whether such a

procedure yields an improvement in practice depends on how a feasible version behaves in

finite samples.

Using the plug-in method, a feasible JS adjustment to the analytical BCE proposed in

Hahn and Newey (2004) is presented. We give conditions under which the plug-in method is
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valid and the feasible JS-BCE is asymptotically normal, centered around the true parameter

and with an asymptotic variance equal to the inverse of the information matrix. This renders

inference straightforward. Numerical evidence on the performance of the JS procedure for

the probit and tobit models illustrates that the JS procedure leads to further bias reduction in

finite samples. For relatively large n (e.g. n = 500, 1000), the bias reduction is accompanied

with no increase or even a reduction in standard deviation relative to the BCE which leads

to an improvement in MSE in finite samples.

There are key similarities and differences in this application of the JS procedure relative

to other settings. First of all, unlike the classical JS example, where the improvement is

achieved when the dimension of the parameters is greater than 2, the numerical results

suggest that MSE improvements are possible even with a scalar parameter. The shrinkage

point here, the MLE, is data-dependent, similar to Green and Strawderman (1991), Kim

and White (2001), and Hansen (2015b). It is also first-order biased similar to the framework

of Kim and White (2001). On the other hand, since the JS-BCE has the same limiting

distribution as the analytical BCE, there is no first-order MSE improvement as in Kim and

White (2001). The simulation evidence suggests that the feasible JS-BCE can lead to MSE

improvements in finite samples.

The literature on bias correction in nonlinear fixed effects models includes several ap-

proaches in addition to analytical bias correction of the MLE. There are several jackknife

and bootstrap procedures in the literature. In addition to the analytical bias correction,

Hahn and Newey (2004) also proposed a jackknife bias correction method. Kim and Sun

(2015) and Dhaene and Jochmans (2015) propose bootstrap and split-panel jackknife pro-

cedures, respectively. Other branches of the literature propose modifying the objective

function or the moment conditions, such as Cox and Reid (1987), Lancaster (2002), Wouter-

sen (2002), Sartori (2003), Arellano and Hahn (2006), Bester and Hansen (2009), Arellano

and Bonhomme (2009), and Bartolucci, Bellio, Salvan, and Sartori (2016). Second-order

bias correction methods have also been proposed in Sun and Dhaene (2017). Furthermore,
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Fernandez-Val and Weidner (2016) and Fernandez-Val and Weidner (2015) propose ana-

lytical bias correction methods for nonlinear panel data models with individual, time and

interactive effects, respectively.

The paper proceeds as follows. The next section defines the MLE and analytical BCE

formally. Then it introduces the infeasible JS-BCE. Section 3 presents the feasible JS-BCE,

derives its asymptotic distribution under suitable conditions and provides numerical evidence

on its finite-sample performance. Section 4 concludes the paper.

2 Combining the MLE and the BCE: A James-Stein

Adjustment to Bias Correction

We let θ, a k-dimensional column vector, denote the common parameter, and αi a scalar

incidental parameter. We observe zit for individuals i = 1, 2, . . . , n with t = 1, 2, . . . , T obser-

vations per individual, assume that f(zit; θ, αi) is a probability density or mass function. In

most economic applications, we consider the case where zit = (yit, x
′
it)
′ such that f(zit; θ, αi)

denotes the true conditional density or mass function of yit given xit. The MLE of θ is given

by

θ̂ ≡ arg max
θ∈Θ

n∑
i=1

T∑
t=1

log f(zit; θ, α̂i(θ)), (1)

where α̂i(θ) ≡ arg maxαi∈A
∑T

t=1 log f(zit; θ, αi). Θ and A are compact sets in Rk and R,

respectively.

Let θ0 and αi0 denote the true parameters of θ and αi, respectively, for i = 1, 2, . . . , n.

Hahn and Newey (2004), Hahn and Kuersteiner (2011) and Fernandez-Val (2009) derive

expressions for the O(T−1) bias of the MLE estimator for their respective models,1 when

1Hahn and Newey (2004) consider static models and assume that the observations are i.i.d. across i and
t. Fernandez-Val (2009) focuses on dynamic binary choice models, whereas Hahn and Kuersteiner (2011)
propose analytical bias correction for general nonlinear models.
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n→∞ holding T fixed,

θ̂
p→ θT ≡ arg max

θ∈Θ
Ē

[
T∑
t=1

log f(zit; θ, α̂i(θ))

]
. (2)

As pointed out in HN2004, for smooth likelihoods, θT = θ0 + B
T

+ D
T 2 + o(T−2). This

literature is focused on first-order bias correction, specifically an analytical BCE is obtained

by estimating B and subtracting it from the MLE as follows,2

θ̂BC = θ̂ − B̄(θ̂)

T
, (3)

where B̄(θ̂) is a sample analogue of B evaluated at θ̂. In this section, we present the results

for any analytical BCE that takes the form in (3). In Section 3, we present an example of

how to implement the procedure in practice using the analytical BCE in Hahn and Newey

(2004).

The key motivation of this paper is to propose a JS procedure that adjusts the first-order

bias correction. Simple manipulations of (3) decomposes the BCE as follows

θ̂BC =

(
θ̂ − B

T

)
− B̄(θ̂)−B

T
, (4)

where the first term is the infeasible bias-corrected estimator assuming knowledge of B

and the second term results from the uncertainty of bias estimation. By Lemma C.1 in

the supplementary appendix, B̄(θ̂) − B = Op(1/
√
nT ). Hence, the last term in the above

equation is Op(1/
√
nT 3).

The JS procedure proposed in this paper shrinks the analytical BCE toward the MLE

using a k × k weighting matrix Λ such that

θ̂JSBC(Λ) = θ̂BC + (Ik − Λ)(θ̂ − θ̂BC). (5)

2More recently, second-order analytical bias correction methods have been proposed, specifically Sun and
Dhaene (2017).
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Simple manipulation of the above using (3) shows that the JS-BCE may be viewed as an

adjusted BCE as follows,

θ̂JSBC(Λ) = θ̂ − ΛB̄(θ̂)

T
. (6)

We choose Λ to minimize the MSE of the JS-BCE. To simplify presentation, we first

assume the MSE of θ̂JSBC(Λ) exists. For a column vector ν, let ‖ν‖2 denote the outer product

νν ′.

ΛnT = arg min
Λ∈L

E‖θ̂JSBC(Λ)− θ0‖2 = E

[
(θ̂ − θ0)

B̄(θ̂)′

T

]E
∥∥∥∥∥B̄(θ̂)

T

∥∥∥∥∥
2

−1

,

where L is the parameter space of Λ. For a derivation of the above, see Section B. The

resulting JS-BCE is given by

θ̂JSBC(ΛnT ) = θ̂ − E

[
(θ̂ − θ0)

B̄(θ̂)′

T

]E
∥∥∥∥∥B̄(θ̂)

T

∥∥∥∥∥
2

−1

B̄(θ̂)

T
. (7)

To get the intuition behind the adjustment, it is easier to think about the scalar case.

Consider the extreme case where θ̂ − θ0 = B̄ML/T a.s., then ΛnT will be equal to one and

hence no JS adjustment is needed and the JS-BCE is equal to the analytical BCE. However,

if B̄(θ̂) tends to under-estimate θ̂−θ0, then ΛnT will be greater than one, and hence improve

bias-estimation. The converse will also hold true. Thus, theoretically, we expect the JS-

BCE to improve bias estimation. The above estimator is however infeasible. We show how

to obtain a feasible estimator in the following section.

3 A Feasible James-Stein BCE

In this section, we propose a feasible JS-BCE for the analytical BCE in Hahn and Newey

(2004) in order to illustrate how the JS weighting matrix can be estimated in practice and

present some numerical evidence on its finite-sample performance. Hahn and Newey (2004)
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derive the asymptotic distribution of the MLE under Condition 3.1 given below,

√
nT (θ̂ − θ0)

d→ N(B
√
ρ, {Ē[Uit(θ0)Uit(θ0)′]}−1), as n, T →∞ and n/T → ρ, where 0 < ρ <∞,

B = −H(θ0)−1b(θ0),

where H(θ0) = Ē[Uit(θ0)Uit(θ0)′],

b(θ0) =
1

2
Ē
[
E[Uit(θ0)V2it(θ0)]/E[vit(θ0)2]

]
. (8)

Uit(θ), V2it(θ) and vit(θ) are defined in Section A below. For a function gi(θ), Ē[gi(θ0)] =

limn→∞
∑n

i=1 E[gi(θ0)]/n. We consider the bias estimator based on Bartlett identities, which

is a sample analogue of B given by the following

B̄(θ̂) = −H̄(θ̂)−1b̄(θ̂),

where H̄(θ̂) =
1

nT

n∑
i=1

T∑
t=1

Uit(θ̂)Uit(θ̂)
′

b̄(θ̂) =
1

2n

n∑
i=1

∑T
t=1 V2it(θ̂)Uit(θ̂)∑T

s=1 vis(θ̂)
2

. (9)

The resulting analytical BCE is obtained by plugging the above formula for B̄(θ̂) into (3).

In order to obtain a feasible JS-BCE for the estimator in Hahn and Newey (2004), we

propose a plug-in estimator of ΛnT , Λ̂nT . We obtain it by applying mean-variance decompo-

sitions of the MSE terms in ΛnT and estimating both mean and variance using the δ-method,

Λ̂nT =


∥∥∥B̄(θ̂)

∥∥∥2

T 2
+
ĉov
(
θ̂ − θ0, B̄(θ̂)

)
T



∥∥∥B̄(θ̂)

∥∥∥2

T 2
+
v̂ar

(
B̄(θ̂)

)
T 2


−1

,

where ĉov
(
θ̂ − θ0, B̄(θ̂)

)
=

1

nT
ÊnT [Uit(θ̂)Uit(θ̂)

′]−1∂B̄(θ̂)

∂θ′
,

v̂ar(B̄(θ̂)) =
1

nT

∂B̄(θ̂)

∂θ
ÊnT [Uit(θ̂)Uit(θ̂)

′]−1∂B̄(θ̂)

∂θ′
,
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and ÊnT [git(θ)] ≡
∑n

i=1

∑T
t=1 git(θ)/(nT ). The feasible JS-BCE is hence given by

θ̂FJSBC = θ̂ − Λ̂nT
B̄(θ̂)

T
(10)

The consistency of the variance and covariance estimators follows from the consistency of

the MLE variance estimator, which follows from the results in Hahn and Newey (2004), as

well as the validity of the δ-method which is addressed in Lemma C.1.3

The following proposition gives conditions under which the asymptotic distribution of the

feasible JS-BCE is asymptotically normal and equal to the asymptotic distribution of the

analytical BCE as mentioned above. The proposition also addresses the asymptotic validity

of the plug-in method in terms of minimizing the MSE of the JS-BCE. Now we present the

conditions required to show these results.

Condition 3.1 (Asymptotic Normality of the MLE)

1. (i) The function log f(.; θ, αi) is continuous in (θ, αi) ∈ Θ×A;

(ii) the parameter space Y ≡ Θ×A is a compact subset of Rk+1;

2. For each η > 0, inf
i

[G(i)(θ0, αi0)− sup
{(θ,αi):|(θ,αi)−(θ0,αi0)|>η}

G(i)(θ, αi)] > 0, where G(i)(θ, αi) ≡

E[log f(zit; θ, αi)].

3. (i) There exists some M(zit) such that |∂
m1+m2 log f(zit;θ,αi)

∂θ
m1 ∂α

m2
i

| ≤ M(zit), 0 ≤ m1 + m2 ≤

1, ..., 6, and supiE[M(zit)
Q] < ∞ for some Q > 64; (ii)Ē[Uit(θ0)Uit(θ0)′] > 0; (iii)

|∂ log f(zit; θ, αi)/∂αi| ≥ m(zit) > 0.

Condition 3.2 (Additional Regularity Conditions)

1. Λ ∈ L, a compact subset of Rk2, and there exists M such that |λjl| ≤ M for all

j, l = 1, 2, . . . , k, where λjl is the jl-element of Λ.

2.
∑n

i=1E[Uit(θ0)Uit(θ0)′]/n−Ē[Uit(θ0)Uit(θ0)′] = O(n−(1+η1)) and
∑n

i=1E[V2it(θ0)Uit(θ0)]/

E[vit(θ0)2]/n− Ē[E[V2it(θ0)Uit(θ0)]/E[vit(θ0)2]] = O(n−(1+η2)) for some η1, η2 > 0.

3It is important to note here that B̄(θ) is a random function. Hence, the asymptotic validity of the
application of the δ-method here has to be formally addressed.
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3. supθ∈Θ

∣∣∣∂B̄(θ)
∂θ
− ∂B(θ)

∂θ

∣∣∣ p→ 0 as n, T →∞ and n/T → ρ.

Condition 3.1 is from Hahn and Newey (2004), except for 3.1.3(iii). Hahn and Newey

(2004) show that this set of conditions is sufficient for the asymptotic normality of the MLE.

Condition 3.2 includes three additional regularity conditions that we impose here. Condition

3.2.1 pertains to the validity of the plug-in method to obtain the feasible JS-BCE in terms of

minimizing the MSE. It imposes that the elements in the weighting matrix Λ are uniformly

bounded by M , which is stronger than compactness. Condition 3.2.2 ensures that the δ-

method can be applied in this setup. Condition 3.2.3 is a high-level condition that requires

that a uniform law of large numbers applies to the derivative of the bias estimator, which

is also required for the validity of the δ-method. In the supplementary appendix, we show

that Condition 3.1 is sufficient for Condition 3.2.3.

Proposition 1 Under Conditions 3.1 and 3.2, n → ∞, T → ∞ and n/T → ρ, where

0 < ρ <∞. Let ‖.‖ denote the Frobenius norm, as n, T →∞, n/T → ρ, where 0 < ρ <∞,

(i)
√
nT (θ̂FJSBC − θ0)

d→ N(0, {Ē[Uit(θ0)Uit(θ0)′]}−1);

(ii) limn,T→∞

∥∥∥E‖√nT (θ̂JSBC(Λ̂nT )− θ0)‖2 −minΛ∈LE‖
√
nT (θ̂JSBC(Λ)− θ0)‖2

∥∥∥ p→ 0.

Recall that θ̂FJSBC ≡ θ̂JSBC(Λ̂nT ). The proof of the above proposition and related lemmas are

given in Section C. According to (i) in the above proposition, inference on θ̂FJSBC is stan-

dard and can be performed using the asymptotic variance estimator {
∑n

i=1

∑T
t=1 Uit(θ̂

FJS
BC )

Uit(θ̂
FJS
BC )′}−1. As for (ii), it shows that the plug-in estimator is asymptotically valid.

3.1 Monte Carlo Study

In this section, we present numerical evidence on the performance of the feasible JS-BCE

in the fixed effects probit and tobit models. For wit, let w̄i ≡
∑T

t=1wit/T and wi =
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(wi1, . . . , wiT ). For both models,

xit ∼ U(−1/2, 1/2), αi|xi ∼ N(x̄i, 1), εit|xi ∼ N(0, 1),

y∗it = xitθ0 + αi − εit (11)

For the probit model, the observed dependent variable is given by yit = 1{y∗it > 0}, whereas

for the tobit model, it is yit = y∗it1{y∗it > 0}. We set θ0 = 1 for n = 50, 100, 500, 1000,

and T = 4, 8, 12. We examine the behavior of the MLE (MLE) given in (1) for the fixed

effects probit and tobit model, i.e. f(zit; θ, αi) = Φ(x′itθ + αi)
yit (1− Φ(x′itθ + αi))

1−yit and

f(zit; θ, αi) = φ(x′itθ + αi)
1{yit>0}(1 − Φ(x′itθ + αi))

1{yit=0}, respectively, where Φ(.) and φ(.)

denote the standard normal cdf and pdf. As for bias-corrected estimators, we consider the

jackknife and analytical BCEs proposed in Hahn and Newey (2004) as well as the feasible

JS-BCE proposed here. The jackknife estimator (JK) is given by the following

θ̂JK = T θ̂ − (T − 1)
1

T

T∑
t=1

θ̂(t) (12)

where θ̂(t) is the leave-one-out MLE estimated with the tth period dropped from the panel.

The analytical BCE (BCE) is defined in (3) with the bias estimator given in (9). The

feasible JS-BCE (JS-BCE) is defined in (10). We draw 1,000 simulation replications for each

combination of n and T . Tables 1-4 present the simulation results for the estimators of the

common parameter for the probit and tobit estimators. For each estimator we consider the

following simulation statistics: mean, median, standard deviation (SD), root mean squared

error (RMSE), and median absolute error (MAE) as well as the rejection probabilities for

nominal levels 10% and 5% (p̂0.10 and p̂0.05) and the ratio of the mean standard error to the

simulation standard deviation (SE/SD).

Tables 1 and 3 present the simulation results for n = 50, 100. For these smaller sample

sizes, the JS-BCE estimator leads to further bias reduction but also has a higher standard

deviation, which results in a larger RMSE. This is not surprising since the estimation
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uncertainty due to Λ̂nT is expected to lead to additional sampling variability, especially

when n and T is small.

For larger sample sizes (n = 500, 1000), Tables 2 and 4 indicate that the feasible JS-BCE

still achieves additional bias reduction as well as RMSE improvement over the analytical

BCE in both the probit and tobit models - albeit small in magnitude. The advantage of

using the JS procedure is greater in the tobit model, e.g. see the RMSE reduction due to the

JS procedure when T = 8, 12. As implied by Proposition 1, the simulation results indicate

that as n and T increase, the differences between the feasible JS-BCE and the analytical

BCE become smaller. Figures 1 and 2 plot the simulation histograms of the analytical

and JS bias estimators as well as the BCEs, respectively, for both probit and tobit models

for n = 500, T = 8. Figure 1 illustrates that for this combination of n and T both bias

estimators have similar standard deviation for both models, but the JS bias estimator can

have a skewed distribution in finite samples. The simulation histograms in 2 illustrate that

the sampling distribution of both analytical and feasible BCEs are fairly symmetric in finite

samples nonetheless.

The simulation rejection probabilities tend to be larger than nominal levels for both the

analytical BCE and JS-BCE. This seems to be partly due to the finite-sample performance

of the variance estimators, specifically SE/SD being smaller than 1. Furthermore, for both

tobit and probit models, the simulation results suggest that for smaller T (e.g. T = 4), the

second-order bias may be relatively large in finite samples.4 Both issues are however beyond

the scope of the current paper.

In order to understand the finite-sample performance of the analytical BCE and JS-

BCE across the different models, we decompose the variance of either of the bias corrected

estimators into the variance of the MLE, the variance of their respective bias estimators,

4The simulation results illustrate the importance of second-order bias correction as proposed in Sun and
Dhaene (2017).
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and the covariance between their bias estimators and the MLE, as follows

var(θ̂BC) = var(θ̂) +
var(B̄(θ̂))

T 2
− 2

cov(B̄(θ̂), θ̂)

T
,

var(θ̂JSBC) = var(θ̂) +
var(Λ̂nT B̄(θ̂))

T 2
− 2

cov(Λ̂nT B̄(θ̂), θ̂)

T
.

Hence, the variance of the bias estimator is only one factor in determining the difference

between the variance of the analytical BCE and the JS-BCE. Another important factor that

is lower order in magnitude is the covariance of the bias estimator and the MLE. In additional

simulation results that are reported in Table 1 in the supplementary appendix, we find that

the poor performance of the JS procedure for n = 50, 100 in the probit model seems not to

be driven by a larger variance in bias estimation, but rather by a smaller positive covariance

with the MLE relative to the analytical bias estimator. For n = 500, 1000, the difference in

the covariance term between the JS and analytical bias estimators becomes smaller, while the

standard deviation of the JS bias estimator remains smaller than that of the analytical bias

estimator. In the case of the tobit model, our simulation results suggest that the covariance

term is arbitrarily small or slightly negative for both the analytical and JS bias estimators.

4 Concluding Remarks

The paper at hand shows how a JS adjustment can be performed in the context of bias

correction in nonlinear panel data models. To illustrate how to use the method in practice,

we propose a feasible JS-BCE using the analytical BCE in Hahn and Newey (2004). We

show that this estimator is asymptotically normal and has the same asymptotic distribution

as the analytical BCE. In finite samples, numerical evidence shows that the JS-BCE leads

to further bias reduction over the analytical BCE that may also lead to an MSE reduction

for moderately large sample sizes. The higher-order properties of the JS procedure as well

as methods to further improve its performance in finite samples are interesting questions for

future work.
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A Notation, Definitions and Derivations

Expectation Operators

Ē[m(Zit, θ, αi)] ≡ lim
n→∞

n−1

n∑
i=1

E[m(Zit, θ, αi)], ÊnT [m(Zit, θ, αi)] ≡
1

nT

n∑
i=1

T∑
t=1

m(Zit, θ̂, α̂i(θ̂)).

MLE

Let f(zit; θ, αi) denote a density.

θ̂ ≡ arg max
θ

n∑
i=1

T∑
t=1

log f(zit; θ, α̂i(θ)), α̂i(θ) ≡ arg max
αi∈A

T∑
t=1

log f(zit; θ, αi) (13)

Derivatives of the Likelihood

uit(θ, αi) ≡
∂

∂θ
log f(zit; θ, αi), vit(θ, αi) ≡

∂

∂αi
log f(zit; θ, αi), vitα(θ, αi) ≡

∂vit(θ, αi)

∂αi
.(14)

Let git(θ) denote git(θ, α̂i(θ)), where α̂i(θ) is the concentrated individual effect.

Uit(θ) ≡ uit(θ)− vit(θ)
∑T

s=1 uis(θ)vis(θ)∑T
s=1 vis(θ)

2
, V2it(θ) ≡ vit(θ)

2 + vitα(θ), (15)

Bias and Bias Estimator in Hahn and Newey (2004) based on the Bartlett iden-

tities
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Note that the bias term given in the paper B = B(θ0), where B(θ) is defined as follows,

B(θ) = −H(θ)−1b(θ), where H(θ) = Ē[Uit(θ)Uit(θ)
′], b(θ) =

1

2
Ē
[
E[Uit(θ)V2it(θ)]/E[vit(θ)

2]
]
.

The bias estimator is given by the following

B̄(θ) = −H̄(θ)−1b̄(θ), where H̄(θ) =
1

nT

n∑
i=1

T∑
t=1

Uit(θ)Uit(θ)
T , b̄(θ) =

1

2n

n∑
i=1

∑T
t=1 Uit(θ)V2it(θ)∑T

t=1 vis(θ)
2

.

B Derivation of JS Weighting Matrix

ΛnT = arg min
Λ∈L

E‖θ̂JSBC(Λ)− θ0‖2 = arg min
Λ∈L

E

∥∥∥∥∥θ̂ − Λ
B̄(θ̂)

T
− θ0

∥∥∥∥∥
2

= arg min
Λ∈L

E‖θ̂ − θ0‖2 − E

[
(θ̂ − θ0)

B̄(θ̂)

T
Λ′

]
− E

[
Λ
B̄(θ̂)

T
(θ̂ − θ0)′

]
+ E

∥∥∥∥∥Λ
B̄(θ̂)

T

∥∥∥∥∥
2


The first-order conditions imply

−E

[
(θ̂ − θ0)

B̄(θ̂)′

T

]
+ ΛnTE

∥∥∥∥∥B̄(θ̂)

T

∥∥∥∥∥
2

= 0, hence ΛnT = E

[
(θ̂ − θ0)

B̄(θ̂)′

T

]E
∥∥∥∥∥B̄(θ̂)

T

∥∥∥∥∥
2

−1

(16)

C Lemmas and Proofs

C.1 Proof of Proposition 1

Proof First, we introduce some notation. As n, T →∞ and n/T → ρ, Theorem 1 and 2 in

Hahn and Newey (2004) imply that

√
nT (θ̂ − θ0)

d→ ZML ∼ N(B
√
ρ, {Ē[Uit(θ0)Uit(θ0)′]}−1), (17)

√
nT (θ̂BC − θ0)

d→ ZBC ∼ N(0, {Ē[Uit(θ0)Uit(θ0)′]}−1) (18)
√
nTB̄(θ̂)

T

p→ Zρ
B ≡ B

√
ρ (19)

14



where B and {Ē[Uit(θ0)Uit(θ0)′]}−1 are defined in Section A.

The random variables on the right-hand side of (17), (18), and (19) characterize the limit

experiment of the random variables on their left-hand side. First, we characterize the MSE-

minimizing weighting matrix, Λ0, in the limit experiment. Let Q(Λ) = E‖ZML − ΛZρ
B‖2.

The first-order conditions imply that

Λ0 = {E‖Zρ
B‖

2}−1E[ZML{Zρ
B}
′]. (20)

By Le Cam’s Limit of Experiments Theory (Van der Vaart, 1998), we can write the above

in terms of the random variables in the sequence of experiments to obtain ΛnT :

ΛnT =

{
E

∥∥∥∥√n

T
B̄(θ̂)

∥∥∥∥2
}−1

E

[√
nT (θ̂ − θ0)

√
n

T
B̄(θ̂)′

]
. (21)

The numerator of ΛnT can be simplified as follows:

E[
√
nT (θ̂ − θ0)]E

[√
n

T
B̄(θ̂)′

]
+ cov

(√
nT (θ̂ − θ0),

√
n

T
B̄(θ̂)′

)

A similar manipulation of the denominator of (21) leads to

E

∥∥∥∥√n

T
B̄(θ̂)

∥∥∥∥2

=

∥∥∥∥E [√n

T
B̄(θ̂)

]∥∥∥∥2

+ var

(√
n

T
B̄(θ̂)

)

By Lemma C.1, the δ-method can be applied to derive Λ̂nT , a plug-in estimator of ΛnT .

The consistency of Λ̂nT follows from the consistency of {ÊnT [Uit(θ̂)Uit(θ̂)
′}−1 for {Ē[Uit(θ0)

Uit(θ0)′]}−1, the consistency ∂B̄(θ̂)/∂θ for ∂B/∂θ, implied by the uniform law of large

numbers and Condition 3.2.3, and the Continuous Mapping Theorem. Now note that as

n, T →∞, n/T → ρ, ΛnT
p→ Λ0 ≡ Ik, since E[ZML{Zρ

B}′] = ‖Zρ
B‖2 in the limit experiment.

It follows that Λ̂nT
p→ Ik. Hence we have shown (i).

Now it remains to show (ii). LetQnT (Λ) ≡ E‖
√
nT (θ̂JSBC(Λ)−θ0)‖2, QnT (Λ̂nT ) ≡ E‖

√
nT (θ̂FJSBC −

θ0)‖2 and ‖.‖ denotes the Frobenius norm. It remains to show that ‖QnT (Λ̂nT )−minΛ∈LQnT (Λ)‖ =

15



op(1).

‖QnT (Λ̂nT )−minΛ∈LQnT (Λ)‖

≤ ‖QnT (Λ̂nT )−Q(Λ̂nT )‖+ ‖Q(Λ̂nT )−Q(Λ0)‖+ ‖Q(Λ0)−minΛ∈LQnT (Λ)‖

≤ sup
Λ∈L
‖QnT (Λ)−Q(Λ)‖+ ‖Q(Λ0)−minΛ∈LQnT (Λ)‖+ op(1) (22)

where the second term of the penultimate inequality is op(1) by the consistency of Λ̂nT and

the continuity of Q.

Now we can find upper and lower bounds for the second term,

Q(Λ0)−min
Λ∈L

QnT (Λ) ≤ Q(ΛnT )−QnT (ΛnT ) (23)

Q(Λ0)−min
Λ∈L

QnT (Λ) ≥ Q(Λ0)−QnT (Λ0) (24)

Hence, |Q(Λ0)−minΛ∈LQnT (Λ)| ≤ supΛ∈L |QnT (Λ)−Q(Λ)|. Plugging this into (22) yields,

|QnT (Λ̂nT )−min
Λ∈L

QnT (Λ)| ≤ 2 sup
Λ
|QnT (Λ)−Q(Λ)|+ op(1) (25)

Hence, we need to make sure that QnT (Λ) converges uniformly in Λ applies. To do that, we

show point-wise convergence and equicontinuity of QnT (Λ).

First, we show that QnT (Λ)→ Q(Λ). Let Ẑ
nT

ML ≡
√
nT (θ̂ − θ0) and Ẑ

nT

B ≡
√
nTB̄(θ̂)/T .

QnT (Λ) = E‖ẐnT

ML − ΛẐ
nT

B ‖2 = E‖ẐnT

ML‖2 − 2ΛE[Ẑ
nT

B Ẑ
nT

ML] + ΛE‖ẐnT

B ‖2Λ′ (26)

The conditions that ensure Λ̂nT
p→ Λ0 ensure that QnT (Λ)

p→ Q(Λ). It remains to show that

(QnT (Λ)−Q(Λ)) is equicontinuous in Λas n, T →∞, i.e.

lim sup
n,T→∞

sup
Λ∈L

sup
Λ′∈B(Λ,δ)

‖(QnT (Λ)−Q(Λ))− (QnT (Λ′)−Q(Λ′))‖ < ε

16



sup
Λ∈L

sup
Λ′∈B(Λ,δ)

‖QnT (Λ)−QnT (Λ′)− (Q(Λ)−Q(Λ′))‖

= sup
Λ∈L

sup
Λ′∈B(Λ,δ)

‖QnT (Λ)−QnT (Λ′)− (Q(Λ)−Q(Λ′))‖ (27)

We can simplify QnT (Λ) − QnT (Λ′) as follows, where (Λ)′ and (Λ′)′ be the transpose of Λ

and Λ′, respectively

E‖ẐnT

ML − ΛẐ
nT

B ‖2 − E‖ẐnT

ML − Λ′Ẑ
nT

B ‖2

= 2(Λ′ − Λ)E[Ẑ
nT

ML{Ẑ
nT

B }′] + ΛE‖ẐnT

B ‖2(Λ)′ − Λ′E‖ẐnT

B ‖2(Λ′)′ (28)

Let B(Λ, ε) denote an ε-ball around Λ. Applying a similar manipulation to Q(Λ) − Q(Λ′),

we obtain the following:

sup
Λ∈L

sup
Λ′∈B(Λ,δ)

‖QnT (Λ)−QnT (Λ′)− (Q(Λ)−Q(Λ′))‖

= sup
Λ∈L

sup
Λ′∈B(Λ,δ)

‖2(Λ′ − Λ){E[Ẑ
nT

ML{Ẑ
nT

B }′]− E[ZML{Zρ
B}
′]}

+ Λ{E‖ẐnT

B ‖2 − E‖Zρ
B‖

2}(Λ)′ − Λ′{E‖ẐnT

B ‖2 − E‖Zρ
B‖

2}(Λ′)′‖

≤ sup
Λ∈L

sup
Λ′∈B(Λ,δ)

2‖Λ′ − Λ‖‖E[Ẑ
nT

ML{Ẑ
nT

B }′]− E[ZML{Zρ
B}
′]‖

+ ‖Λ‖‖||E‖ẐnT

B ‖2 − E‖Zρ
B‖

2‖+ ‖Λ′‖‖E‖ẐnT

B ‖2 − E‖Zρ
B‖

2‖ (29)

≤ δk2o(1) + 2k2M2o(1), (30)

where the last equality follows by Condition 3.2.1. Hence, we have shown equicontinuity.

Q.E .D.
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C.2 Lemmas

Condition C.1 For all i = 1, 2, . . . there exists, ∆j for j = 1, 2, 3,5 such that

(i) E|Uit(θ)Uit(θ)′|2+δ < ∆1 <∞,

(ii) E|Uit(θ)V2it(θ)
′|2+δ < ∆2 <∞

(iii) E[v2it(θ)
2]2+δ < ∆3 <∞

Lemma C.1 Let f(θ) ≡ (θ′, B(θ)′)′ and θ̃0 ≡ θ0 + B/T . Under Conditions 3.1, 3.2, C.1,

and n, T →∞ and n/T → ρ,

(i)
√
nT (f(θ̂)− f(θ̃0))

d→ N

(
0,
∂f(θ0)

∂θ
{Ē[Uit(θ0)Uit(θ0)′]}−1∂f(θ0)

∂θ′

)
(ii)

√
nT (B̄(θ̂)−B) =

√
nT (B(θ̂)−B) + op(1) (31)

Proof Hahn and Newey (2004) show the asymptotic normality of
√
nT (θ̂− θ0) under Con-

dition 3.1 and n, T → ∞, n/T → ρ, where 0 < ρ < ∞. The result in (i) follows from the

δ-method.

Now we proceed to show (ii). Note that B ≡ B(θ0).

√
nT (B̄(θ̂)−B)

=
√
nT (B(θ̂)−B(θ0)) +

√
nT (B̄(θ̂)− B̄(θ0))−

√
nT (B(θ̂)−B(θ0)) +

√
nT (B̄(θ0)−B(θ0))

=
√
nT (B(θ̂)−B(θ0)) +

(
∂B̄(θ)

∂θ

∣∣∣∣
θ=θ∗
− ∂B(θ)

∂θ

∣∣∣∣
θ=θ∗

)√
nT (θ̂ − θ0) +

√
nT (B̄(θ0)−B(θ0))

≤
√
nT (B(θ̂)−B(θ0)) + sup

θ∈Θ

∣∣∣∣∂B̄(θ)

∂θ
− ∂B(θ)

∂θ

∣∣∣∣Op(1) +
√
nT (B̄(θ0)−B(θ0))

where θ∗ ∈ (θ̂, θ0). The last equality follows from the mean value theorem. By Condition

3.2.3, the second term on the RHS of the last inequality is op(1). So it remains to show that

the conditions given here are sufficient for
√
nT (B̄(θ0)−B(θ0)) = op(1).

5In a supplementary appendix available upon request, we show that Condition 3.1 is sufficient for Con-
dition C.1.
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Let Bn(θ0) ≡ Hn(θ0)−1bn(θ0), where Hn(θ0) =
∑n

i=1 E[Uit(θ0)Uit(θ0)′]/n and bn(θ0) =

−
∑n

i=1{E[Uit(θ0) V2it(θ0)]/E[vit(θ0)2]}/(2n), which are the probability limits of H̄(θ0) and

b̄(θ0) holding n fixed.

√
nT (B̄(θ0)−B(θ0)) =

√
nT (B̄(θ0)−Bn(θ0)) +

√
nT (Bn(θ0)−B(θ0)) (32)

We will first work with the first term on the RHS, which deals with the convergence of B̄(θ0)

to Bn(θ0),

B̄(θ0)−Bn(θ0) = H̄(θ0)−1(b̄(θ0)− bn(θ0)) + (H̄(θ0)−1 −Hn(θ0)−1)bn(θ0) = Op(n
−1T−1/2)

(33)

by Lemma C.2.

As for (Bn(θ0)−B(θ0)),

Bn(θ0)−B(θ0) = (Hn(θ0)−1 −H(θ0)−1)bn(θ0) +H(θ0)−1(bn(θ0)− b(θ0))

Now note that

Hn(θ0)−H(θ0) =
1

n

n∑
i=1

E[Uit(θ0)Uit(θ0)′]− lim
n→∞

1

n

n∑
i=1

E[Uit(θ0)Uit(θ0)′] = O(n−(1+η1))

where the last equality follows from Condition 3.2.2. Hence, it follows that Hn(θ0)−1 −

H(θ0)−1 = O
(
n−(1+η1)

)
. Similarly, the same condition implies that bn(θ0)−b(θ0) = O

(
n−(1+η2)

)
.

It follows that Bn(θ0) − B(θ0) = O
(
n−(1+miniηi)

)
. Now plugging this finding together with

(33) into (32), we obtain the following

√
nT (B̄(θ0)−B(θ0)) =

Op

(
T−1/2

)
+O

(
n−mini ηi

)
ρ

(34)

as n, T → ∞ and n/T → ρ > 0. Thus, it follows that the above term is op(1) and
√
nT (B̄(θ̂)−B) =

√
nT (B(θ̂)−B) + op(1). Q.E .D.
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Lemma C.2 Let Conditions 3.1 and C.1 hold. Let T →∞, holding n fixed,

(i) H̄(θ)−1 −Hn(θ)−1 = Op(n
−1T−1/2)

(ii) b̄(θ)− bn(θ) = Op(n
−1T−1/2) = op(1)

Proof

H̄(θ)−Hn(θ) =
1

nT

n∑
i=1

T∑
t=1

Uit(θ)Uit(θ)
′ − 1

n

n∑
i=1

E[Uit(θ)Uit(θ)
′]|

=
1

n

n∑
i=1

{
1

T

T∑
t=1

Uit(θ)Uit(θ)
′ − E[Uit(θ)Uit(θ)

′]

}
= Op(n

−1T−1/2)

The last equality follows by the Liapunov CLT as T →∞, which applies by Condition C.1

(i). By the δ-method, it follows that H̄(θ)−1 −Hn(θ)−1 = Op(n
−1T−1/2).

b̄(θ)− bn(θ) =
1

2n

n∑
i=1

∑T
t=1 Uit(θ)V2it(θ)∑T

s=1 vis(θ)
2
− 1

2n

n∑
i=1

E[Uit(θ)V2it(θ)]

E[vit(θ)2]
|

=
1

2n

n∑
i=1

{
1

T

T∑
t=1

Uit(θ)V2it(θ)− E[Uit(θ)V2it(θ)]

}
1

T

T∑
s=1

vit(θ)
2

+
1

2n
E[Uit(θ)V2it(θ)]


[

1

T

T∑
s=1

vit(θ)
2

]−1

− E[vit(θ)
2]−1


= O(n−1)Op(T

−1/2) +O(n−1)Op(T
−1/2) = Op(n

−1T−1/2) (35)

where the penultimate equality follows from the Liapunov CLT, which applies by Condition

C.1 (ii) and (iii). Q.E .D.

References

Arellano, M., and S. Bonhomme (2009): “Robust Priors in Nonlinear Panel Data

Models,” Econometrica, 77(2), pp. 489–536.

Arellano, M., and J. Hahn (2006): “A likelihood=based approximate solution to the

20



incidental parameter problem in dynamic nonlinear models with multiple effects,” Unpu-

blished Manuscript.

Bartolucci, F., R. Bellio, A. Salvan, and N. Sartori (2016): “Modified Profile

Likelihood for Fixed-Effects Panel Data Models,” Econometric Reviews, 35(7), 1271–1289.

Bester, C. A., and C. Hansen (2009): “Identification of Marginal Effects in a Nonpara-

metric Correlated Random Effects Model,” Journal of Business and Economic Statistics,

27(2), 235–250.

Cox, D., and N. Reid (1987): “Parameter orthogonality and approximate conditional

inference (with discussion),” Journal of the Royal Statistical Society B, 49, 1–39.

Dhaene, G., and K. Jochmans (2015): “Split-panel Jackknife Estimation of Fixed-Effects

Models,” Review of Economic Studies, 82, 991–1030.

Fernandez-Val, I. (2009): “Fixed Effects Estimation of Structural Parameters and Mar-

ginal Effects in Panel Probit Models,” Journal of Econometrics, 150(1), pp. 71–85.

Fernandez-Val, I., and M. Weidner (2015): “Nonlinear Panel Models with Interactive

Effects,” Unpublished Manuscript.

(2016): “Individual and Time Effects in Nonlinear Panel Data Models with Large

N, T,” Journal of Econometrics, 192(1), 291–312.

Green, E., and W. Strawderman (1991): “James-Stein-Type Estimator for Combining

Unbiased and Possibly Biased Estimators,” Journal of the American Statistical Associa-

tion, 86, 1001–1006.

Hahn, J., and G. Kuersteiner (2011): “Bias Reduction for Dynamic Nonlinear Panel

Data with Fixed Effects,” Econometric Theory, 27(6), pp.1152–1191.

Hahn, J., and W. Newey (2004): “Jackknife and Analytical Bias Reduction for Nonlinear

Panel Models,” Econometrica, 72(4), pp. 1295–1319.

21



Hansen, B. E. (2015a): “Efficient Shrinkage in Parametric Models,” Unpublished Ma-

nuscript.

(2015b): “A Stein-Like 2SLS Estimator,” Econometric Reviews, Forthcoming.

James, W., and C. Stein (1961): “Estimation with Quadratic Loss,” Proceedings of the

Fourth Berkeley Symposium on Mathematical Statistics and Probability, 1, pp. 361–379.

Kim, M. S., and Y. Sun (2015): “Bootstrap and k-step Bootstrap Bias Corrections for

the Fixed Effects Estimator in Nonlinear Panel Data Models,” Econometric Theory, Fort-

hcoming.

Kim, T.-H., and H. White (2001): “James-Stein Type Estimators in Large Samples

with Application to the Least Absolute Deviations Estimator,” Journal of the American

Statistical Association, 96(454), 697–705.

Lancaster, T. (2002): “Orthogonal Parameters and Panel Data,” The Review of Economic

Studies, 69(3), pp. 647–666.

Neyman, J., and E. Scott (1948): “Consistent estimates based on partially consistent

observation,” Econometrica, 16, pp. 132.

Sartori, N. (2003): “Modified profile likelihoods in models with stratum nuisance para-

meters,” Biometrika, 90(3), 533–549.

Sen, P. K., and A. E. Saleh (1987): “On Preliminary Test and Shrinkage M-Estimation

in Linear Models,” The Annals of Statistics, 15(4), 1580–1592.

Stein, C. (1955): “Inadmissibility of the Usual Estimator for the Mean of a Multivariate

Distribution,” Proceedings of the Third Berkeley Symposium on Mathematical Statistics

and Probability, 1, pp. 197–206.

Sun, Y., and G. Dhaene (2017): “Second-order Corrected Likelihood for Nonlinear Panel

Models with Fixed Effects,” Unpublished manuscript.

22



Van der Vaart, A. (1998): Asymptotic Statistics. Cambridge UP, Cambridge.

Woutersen, T. (2002): “Robustness Against Incidental Parameters,” Unpublished Ma-

nuscript.

23



Table 1: Simulation Results for the Common Parameter of the Probit Model (θ0 = 1),
n = 50, 100

Mean Median SD RMSE MAE p̂0.10 p̂0.05 SE/SD

n = 50, T = 4
MLE 1.406 1.373 0.560 0.692 0.459 0.251 0.150 0.859
JK 0.902 0.886 0.350 0.363 0.260 0.035 0.011 1.319
BCHN 1.110 1.085 0.439 0.452 0.302 0.072 0.032 1.069
JS-BCHN 1.026 1.004 0.478 0.479 0.337 0.101 0.049 0.976

n = 50, T = 8
MLE 1.165 1.146 0.331 0.370 0.248 0.175 0.109 0.901
JK 0.934 0.918 0.265 0.273 0.187 0.077 0.031 1.110
BCHN 1.039 1.021 0.296 0.298 0.199 0.092 0.053 1.001
JS-BCHN 0.980 0.966 0.314 0.314 0.203 0.124 0.055 0.942

n = 50, T = 12
MLE 1.106 1.108 0.245 0.267 0.177 0.138 0.078 0.972
JK 0.951 0.953 0.211 0.216 0.145 0.072 0.034 1.122
BCHN 1.023 1.026 0.227 0.228 0.154 0.087 0.040 1.045
JS-BCHN 0.980 0.983 0.237 0.238 0.156 0.096 0.053 1.001

n = 100, T = 4
MLE 1.408 1.384 0.415 0.582 0.401 0.328 0.231 0.860
JK 0.906 0.895 0.260 0.276 0.190 0.038 0.015 1.325
BCHN 1.112 1.096 0.326 0.345 0.228 0.097 0.043 1.071
JS-BCHN 1.062 1.046 0.348 0.354 0.241 0.105 0.051 1.000

n = 100, T = 8
MLE 1.156 1.143 0.240 0.286 0.187 0.209 0.140 0.902
JK 0.927 0.918 0.193 0.206 0.144 0.090 0.034 1.110
BCHN 1.030 1.019 0.215 0.217 0.153 0.102 0.039 1.002
JS-BCHN 0.999 0.990 0.222 0.222 0.153 0.111 0.047 0.967

n = 100, T = 12
MLE 1.101 1.092 0.181 0.207 0.139 0.185 0.124 0.919
JK 0.947 0.940 0.155 0.164 0.119 0.104 0.042 1.063
BCHN 1.019 1.011 0.167 0.168 0.113 0.110 0.049 0.990
JS-BCHN 0.998 0.990 0.171 0.171 0.116 0.111 0.059 0.968

Notes: MLE denotes the MLE. JK and BCE denote the jackknife and analytical BCEs
from Hahn and Newey (2004), respectively. JS-BCE denotes the feasible JS-BCE for
the analytical BCE in Hahn and Newey (2004). All of the above statistics are computed
using 1, 000 simulation replications. SD denotes standard deviation, RMSE denotes
root mean squared error, MAE denotes median absolute error, p̂α denotes the rejection
frequency for a nominal significance level α. SE/SD denotes the ratio of the simulation
mean of the estimated standard error divided by the simulation standard deviation.
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Table 2: Simulation Results for the Common Parameter of the Probit Model (θ0 = 1),
n = 500, 1000

Mean Median SD RMSE MAE p̂0.10 p̂0.05 SE/SD

n = 500, T = 4
MLE 1.394 1.383 0.196 0.440 0.383 0.731 0.634 0.840
JK 0.901 0.895 0.125 0.160 0.117 0.097 0.045 1.276
BCE 1.102 1.093 0.156 0.186 0.125 0.157 0.086 1.037
JS-BCE 1.091 1.083 0.158 0.183 0.119 0.150 0.082 1.021

n = 500, T = 8
MLE 1.167 1.166 0.106 0.198 0.166 0.534 0.430 0.903
JK 0.936 0.935 0.085 0.106 0.076 0.157 0.077 1.112
BCE 1.041 1.039 0.094 0.103 0.071 0.129 0.069 1.003
JS-BCE 1.035 1.033 0.095 0.101 0.070 0.121 0.065 0.996

n = 500, T = 12
MLE 1.105 1.107 0.077 0.130 0.107 0.431 0.301 0.964
JK 0.951 0.953 0.066 0.082 0.057 0.147 0.086 1.114
BCE 1.023 1.024 0.071 0.074 0.051 0.098 0.049 1.038
JS-BCE 1.018 1.020 0.071 0.073 0.051 0.099 0.047 1.033

n = 1000, T = 4
MLE 1.384 1.388 0.136 0.408 0.387 0.913 0.875 0.848
JK 0.895 0.897 0.087 0.136 0.104 0.186 0.110 1.288
BCE 1.095 1.098 0.108 0.144 0.108 0.199 0.107 1.047
JS-BCE 1.090 1.092 0.109 0.142 0.106 0.188 0.101 1.039

n = 1000, T = 8
MLE 1.163 1.160 0.073 0.178 0.160 0.754 0.669 0.923
JK 0.932 0.930 0.059 0.090 0.072 0.241 0.137 1.137
BCE 1.036 1.033 0.066 0.075 0.049 0.138 0.085 1.026
JS-BCE 1.033 1.030 0.066 0.074 0.049 0.132 0.082 1.022

n = 1000, T = 12
MLE 1.103 1.105 0.052 0.116 0.105 0.642 0.515 1.004
JK 0.949 0.950 0.045 0.068 0.052 0.234 0.120 1.160
BCE 1.021 1.022 0.048 0.052 0.036 0.093 0.059 1.081
JS-BCE 1.019 1.020 0.048 0.052 0.035 0.090 0.058 1.078

Notes: MLE denotes the MLE. JK and BCE denote the jackknife and analytical BCEs
from Hahn and Newey (2004), respectively. JS-BCE denotes the feasible JS-BCE for
the analytical BCE in Hahn and Newey (2004). All of the above statistics are computed
using 1, 000 simulation replications. SD denotes standard deviation, RMSE denotes
root mean squared error, MAE denotes median absolute error, p̂α denotes the rejection
frequency for a nominal significance level α. SE/SD denotes the ratio of the simulation
mean of the estimated standard error divided by the simulation standard deviation.
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Table 3: Simulation Results for the Common Parameter of the Tobit Model (θ0 = 1),
n = 50, 100

Mean Median SD RMSE MAE p̂0.10 p̂0.05 SE/SD

n = 50, T = 4
MLE 1.102 1.101 0.340 0.354 0.233 0.133 0.069 0.956
JK 1.095 1.096 0.348 0.361 0.236 0.151 0.077 0.927
BCE 1.083 1.088 0.342 0.351 0.234 0.133 0.070 0.945
JS-BCE 1.068 1.070 0.366 0.372 0.257 0.152 0.087 0.883

n = 50, T = 8
MLE 1.049 1.038 0.225 0.230 0.161 0.114 0.063 0.985
JK 1.051 1.042 0.229 0.235 0.164 0.121 0.072 0.960
BCE 1.041 1.032 0.226 0.230 0.160 0.112 0.068 0.973
JS-BCE 1.008 1.005 0.244 0.244 0.160 0.143 0.081 0.901

n = 50, T = 12
MLE 1.028 1.034 0.177 0.179 0.120 0.100 0.048 1.026
JK 1.032 1.039 0.180 0.183 0.126 0.107 0.052 1.002
BCE 1.023 1.029 0.178 0.179 0.121 0.103 0.049 1.013
JS-BCE 0.992 0.988 0.194 0.194 0.132 0.118 0.070 0.928

n = 100, T = 4
MLE 1.102 1.099 0.255 0.274 0.184 0.144 0.083 0.954
JK 1.093 1.086 0.262 0.278 0.189 0.147 0.087 0.926
BCE 1.083 1.074 0.256 0.269 0.182 0.135 0.076 0.946
JS-BCE 1.075 1.077 0.276 0.286 0.190 0.160 0.093 0.877

n = 100, T = 8
MLE 1.038 1.035 0.167 0.171 0.118 0.124 0.060 0.963
JK 1.038 1.037 0.170 0.174 0.120 0.129 0.068 0.943
BCE 1.029 1.026 0.168 0.171 0.118 0.126 0.061 0.954
JS-BCE 0.996 0.993 0.176 0.176 0.120 0.132 0.083 0.910

n = 100, T = 12
MLE 1.031 1.024 0.130 0.134 0.090 0.108 0.059 0.976
JK 1.034 1.030 0.132 0.136 0.092 0.111 0.065 0.956
BCE 1.026 1.020 0.131 0.133 0.092 0.111 0.063 0.964
JS-BCE 0.998 0.989 0.138 0.138 0.090 0.133 0.075 0.914

Notes: MLE denotes the MLE. JK and BCE denote the jackknife and analytical BCEs
from Hahn and Newey (2004), respectively. JS-BCE denotes the feasible JS-BCE for
the analytical BCE in Hahn and Newey (2004). All of the above statistics are computed
using 1, 000 simulation replications. SD denotes standard deviation, RMSE denotes
root mean squared error, MAE denotes median absolute error, p̂α denotes the rejection
frequency for a nominal significance level α. SE/SD denotes the ratio of the simulation
mean of the estimated standard error divided by the simulation standard deviation.
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Table 4: Simulation Results for the Common Parameter of the Tobit Model (θ0 = 1),
n = 500, 1000

Mean Median SD RMSE MAE p̂0.10 p̂0.05 SE/SD

n = 500, T = 4
MLE 1.097 1.096 0.123 0.157 0.111 0.266 0.176 0.919
JK 1.088 1.086 0.126 0.154 0.105 0.247 0.167 0.896
BCE 1.077 1.076 0.124 0.146 0.102 0.219 0.137 0.910
JS-BCE 1.068 1.070 0.128 0.145 0.097 0.213 0.136 0.883

n = 500, T = 8
MLE 1.049 1.048 0.076 0.090 0.063 0.191 0.122 0.936
JK 1.050 1.049 0.078 0.092 0.063 0.208 0.131 0.913
BCE 1.041 1.040 0.077 0.087 0.061 0.173 0.111 0.925
JS-BCE 1.026 1.025 0.076 0.081 0.056 0.141 0.087 0.927

n = 500, T = 12
MLE 1.032 1.032 0.057 0.065 0.045 0.162 0.082 0.984
JK 1.035 1.035 0.058 0.068 0.046 0.185 0.095 0.965
BCE 1.027 1.027 0.058 0.063 0.043 0.156 0.073 0.974
JS-BCE 1.015 1.014 0.057 0.059 0.040 0.115 0.057 0.982

n = 1000, T = 4
MLE 1.092 1.096 0.083 0.124 0.097 0.323 0.221 0.953
JK 1.085 1.088 0.085 0.120 0.092 0.287 0.206 0.930
BCE 1.074 1.076 0.084 0.112 0.084 0.251 0.168 0.945
JS-BCE 1.068 1.071 0.084 0.108 0.080 0.240 0.151 0.937

n = 1000, T = 8
MLE 1.048 1.047 0.051 0.070 0.050 0.252 0.161 0.980
JK 1.048 1.048 0.053 0.071 0.052 0.263 0.173 0.958
BCE 1.039 1.038 0.052 0.065 0.046 0.212 0.132 0.969
JS-BCE 1.032 1.031 0.052 0.061 0.041 0.177 0.116 0.973

n = 1000, T = 12
MLE 1.032 1.032 0.041 0.052 0.037 0.220 0.141 0.970
JK 1.035 1.035 0.042 0.054 0.039 0.241 0.159 0.950
BCE 1.027 1.026 0.041 0.049 0.035 0.187 0.113 0.959
JS-BCE 1.021 1.021 0.041 0.046 0.032 0.167 0.093 0.966

Notes: MLE denotes the MLE. JK and BCE denote the jackknife and analytical BCEs
from Hahn and Newey (2004), respectively. JS-BCE denotes the feasible JS-BCE for
the analytical BCE in Hahn and Newey (2004). All of the above statistics are computed
using 1, 000 simulation replications. SD denotes standard deviation, RMSE denotes
root mean squared error, MAE denotes median absolute error, p̂α denotes the rejection
frequency for a nominal significance level α. SE/SD denotes the ratio of the simulation
mean of the estimated standard error divided by the simulation standard deviation.
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Figure 1: Simulation Histogram of Analytical and JS Bias Estimatorsof the Probit and Tobit
Models (θ0 = 1)

Probit Model: n = 500, T = 8

Tobit Model: n = 500, T = 8

Note: The above histograms of the estimators of the analytical bias estimator B̄(θ̂) and the JS bias estimator Λ̂nT B̄(θ̂)
are generated using 1,000 simulation replications.
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Figure 2: Simulation Histogram of Analytical and JS BCEs of the Probit and Tobit Models
(θ0 = 1)

Probit Model: n = 500, T = 8

Tobit Model: n = 500, T = 8

Note: The above histograms are generated using 1,000 simulation replications.

29


	Introduction
	Combining the MLE and the BCE: A James-Stein Adjustment to Bias Correction
	A Feasible James-Stein BCE
	Monte Carlo Study

	Concluding Remarks
	Notation, Definitions and Derivations
	Derivation of JS Weighting Matrix
	Lemmas and Proofs
	Proof of Proposition 1
	Lemmas


