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Abstract
This paper analyzes budget-constrained, nonpoint source (NPS) pollution control with costly
information acquisition and learning. To overcome the inherent ill-posed statistical problem in
NPS pollution data the sequential entropy filter, a cross entropy econometric approach, is applied
to the sediment load management program for Redwood Creek, which flows through Redwood
National Park in northwestern California. We simulate dynamic budget-constrained
management with information acquisition and learning, and compare the results with those from
the current policy. The analysis shows that when information acquisition increases overall
abatement effectiveness the fiscally constrained manager can reallocate resources from
abatement effort to information acquisition, resulting in lower sediment generation than would
otherwise exist. In addition, with learning about pollution generation occurring over time the
manager may switch from a high intensity of data collection to a lower intensity to further reduce
sediment generation. Also, as sediment control proceeds at upstream sources, at some time in the
future the marginal reduction in sediment for a given expenditure will equalize across the sources
such that uniform abatement effort may occur across all sources.
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An Information-Theoretical Analysis of
Budget-Constrained Nonpoint Source Pollution Control

I. INTRODUCTION
Nonpoint source (NPS) pollution control is typically defined as pollution from diffuse
sources where the fundamental relationship between polluted area and sources is not known with
certainty. It follows that NPS pollution control can be characterized as an information, or
conversely, an uncertainty problem, and as such, modeling NPS pollution control requires that
the role of information and learning be explicitly specified and addressed in the model. In
general, pollution control problems can be characterized by the degree of uncertainty or
incomplete information about the location of polluting sources and the magnitude of their
contribution. If there were complete certainty or perfect information on the location and
magnitude of pollution for each source, then the problem would be a “pure” point source (PS)
problem. If, however, the manager in charge of pollution control does not know the location of
the sources or has no knowledge of the contribution of each source in the aggregate pollution,
then the problem would be a “pure” NPS problem.
These two extremes of information mark the ends of a spectrum that defines all pollution
problems by the degree of uncertainty about the location and pollution generation for each source
rather than the vague classification of either PS or NPS. Note that the extreme NPS problem
when the location is unknown is not susceptible to direct policy controls because the location of
the pollution sources needs to be known, or information can easily be acquired about the identity
of the sources, to implement abatement policies.
Another complication to NPS control is budgetary restrictions that often limit the extent
of NPS pollution control. These financial limitations have implications for pollution control in
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general and in the United States particularly, where the federal government spends $3 billion
annually to control NPS water pollution, yet reports that the public control of NPS pollution was
limited by a lack of financial resources [44]. The United States government is perhaps the
largest controller and contributor of NPS pollution, contributing nearly half of all the NPS
pollution in the 11 western states from (Arizona, California, Colorado, Idaho, Montana, Nevada,
New Mexico, Oregon, Utah, Washington, and Wyoming) [44].1
The analysis of NPS pollution control is further complicated by the statistical nature of
NPS pollution data. In any given period, there are more polluting sources than observations (i.e.,
an undersized sample). This statistical problem of estimating with an undersized sample,
sometimes referred to as an ill-posed data problem, makes traditional statistical approaches
inappropriate and requires that a different approach be employed. Although the policy maker
could wait for a sufficiently long time series to be collected, thereby avoiding the ill-posed
estimation problem, interim damage will occur that results in irreversible losses, such as the
destruction of critical habitat for endangered or protected resources. If the information contained
in the data is incorporated as it is collected the manager can take concurrent action that reduces
interim damage rather than wait until sufficient data is collected and risk incurring irreversible
losses. Farzin [8] illustrates the importance of accounting for interim damages in irreversible
stock pollution problems. In the empirical application to follow we adopt a sequential entropy
filter (SEF), a cross entropy econometric approach, which generates parameter estimates from
ill-posed data and updates the estimates, as new data becomes available [24].
As an application of the theoretical and methodological aspects described above, we
consider the current sediment control program for Redwood Creek, which flows into and through
Redwood National Park, located in Orick, California. If perfect information were available on
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the location and sediment load contribution of the pollution sources, park managers could
allocate the entire sediment control budget to abatement effort.2 However, with incomplete
information, the management of sediment loading requires an explicit or implicit allocation of
sediment control resources between information acquisition and abatement. We focus on the
tradeoff between information acquisition and abatement by explicitly modeling information
acquisition and learning within a budget-constrained, pollution control model. In addition, the
management model minimizes sediment load within a fixed exogenous budget instead of
minimizing damages because achieving environmental goals is a common objective in
environmental policies and ascribing economic value to the loss of aquatic and riparian habitat is
difficult [3, p.160].
In the analysis two data collection regimes are constructed to facilitate the estimation of
the unobservable sediment loading parameters. These estimates are then incorporated into the
sediment control model. We simulate the model to derive optimal policy decisions regarding
abatement and information acquisition (learning) strategies and provide a comparison of the
current abatement policy with two alternative site-specific abatement policies. This comparison
allows us to evaluate the hypothesis that flexible abatement strategies with information
acquisition and learning can reduce downstream sediment loads even though resources used to
collect data are no longer available to abate the polluting sources. The fact that resources used to
collect data and acquire information are no longer available for abatement activities makes the
results from this analysis less than obvious. That is, although more information is preferred to
less information it may not be efficient to expend resources on data collection when those
resources are more productively used elsewhere (i.e., on abatement effort).
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This paper extends the literature by developing a dynamic model of NPS pollution
control that explicitly characterizes the uncertainty about the pollution loading and the budget
constraint that limits the ability of managers to minimize sediment loading and, in principle,
sediment related damages. Also, this paper contributes to the literature by applying a statistical
approach well suited for empirical analysis of NPS pollution problems and dynamic models in
general. The application of the SEF is, to our knowledge, the first use of the entropy approach to
sequentially update parameters for a dynamic NPS pollution control model. Finally, the policy
analysis reveals that when data collection is optimal, the intensity of data collection may
decrease with time as the gains to information acquisition wane. In addition, abatement effort
across polluting upstream sources will become more homogenous as the high generation sources
are reduced to a level such that the marginal reduction in downstream sediment load for a given
level of abatement effort is equilibrated across sources.
In the next section we provide past research related to this paper. Section III introduces
the entropy formalism. Section IV develops the budget-constrained pollution control model
under sediment generation uncertainty. Section V describes the empirical application of the SEF
to the sediment control program for Redwood Creek and the estimation results. The simulated
model and policy analysis are presented in Section VI. Section VII concludes.

II. RELATED LITERATURE
Pollution control problems are often cast as non-cooperative, asymmetric games because
the private polluter has better information on the cost of abatement than the pollution control
manager [10, 17, 18, 23, 32, 33]. Alternatively, Amacher and Malik [1] introduced pollution
control as a cooperative game in light of the bargaining potential observed in actual management
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strategies. In the problem presented here, the manager does not rely on bargaining but rather on
strategic data collection to reduce uncertainty, emphasizing that budget constraints limit the
ability of a public manager to reduce her own pollution levels. Furthermore, asymmetric
information does not exist in Redwood National Park since the Park managers know the cost of
abatement. Incomplete information does exist however, since the managers are not fully
informed on each sources’ contribution to the pollution load.
Research on information acquisition in pollution control dates back to Rausser and
Howitt [31], which examines information acquisition in regulatory mechanisms. Garvie and
Keeler [10] consider a fiscally constrained regulator who is responsible for minimizing the
pollution level in excess of a given minimum standard by allocating an exogenously determined
budget between data collection and enforcement. The regulator relies on data collection as
evidence necessary to enforce the standard. The data collection improves the enforcement
effectiveness. In our paper the budget-constrained manager collects data to improve abatement
effectiveness. Enforcement activity is not considered in this paper because the public managers
control their own NPS pollution.
Griffin and Bromley [14], Beavis and Walker [4] and Shortle and Dunn [37] were among
the first to establish a theoretical basis for analyzing NPS pollution control. This work led to
exploration of incentive mechanisms for efficient NPS pollution control [19, 21, 27, 34, 40]. In a
related paper, Xepapedeas [45] examines the social planner’s use of an effluent tax, in
conjunction with an ambient tax, as an incentive for individual polluters to reveal information
about their contribution to ambient emissions. In the case of sediment loading, the budgetconstrained manager cannot impose fees against nature to learn more about polluting sources’
contribution to the total ambient load. The manager must spend limited resources to obtain
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information that otherwise could have been obtained by the social planner through the use of
effluent fees.
Likewise, Cabe and Herriges [5] consider NPS pollution control in a social welfare
framework, incorporating uncertainty and information acquisition. Acquired information
reduces the social cost of setting a control mechanism through an ambient tax, as proposed by
Segerson [34]. However, the behavioral objective of social welfare maximization leads to a
different outcome and policy prescription than under damage or pollution minimization subject
to a budget constraint [2].
Empirical analysis of pollution control with information acquisition has been sparse.
LaPointe and Rilstone [26] and Magat and Viscusi [28] analyze the effect of inspections on pulp
and paper mill emissions. Gray and Deily [13] extend this work to U.S. steel mills. Helland [20]
explores the targeting of pulp and paper mill inspections to improving violation detection and
induce self-reporting. These studies, however, fail to address the economic trade-off between
information acquisition and pollution abatement in a budget-constrained environment.

III. THE ENTROPY FORMALISM
The entropy formalism is used to measure information acquisition and estimate
unobservable parameters from an undersized sample. Both of these uses rely on the seminal
work of Shannon [36], who first introduced the entropy formalism as a measure of the expected
information contained in a noisy message. Jaynes [22] and Kullback [25] expanded Shannon’s
information entropy, developing methods for use in problems of statistical inference.
Shannon employed an entropy metric to define the expected information contained in a
distribution of probabilities p ! p1 , p 2 , ! p K for random outcomes x ! x1 , x2 ,!, x K as
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H ( p ) ! #" p k ln p k

(1)

k

subject to " p k ! 1 and H ( p k ) ! 0 when p k ! 0 . The metric H ( p) reaches a maximum when
k

p1 ! p 2 ! ! ! p K ! 1 K . That is, the entropy is maximized when the distribution of

probabilities is uniform (i.e., where any event is as likely as any other event). This maximum
entropy associated with the uniform distribution represents complete uncertainty for a given
random parameter. Conversely, a spiked or collapsed distribution (i.e., where only one event
occurs) has information entropy of zero. This lower bound corresponds to the case of certainty
or perfect information. Thus, normalizing the entropy measure by the entropy of the uniform
distribution bounds the uncertainty between one and zero and provides a bounded ordinal
ranking of uncertainty. Golan, Judge and Miller [11] define normalized entropy as
)
&
S ( p) ! ' # " pk ln p k $ ln( K )
( k
%

(2)

where S ( p) * [0,1] and ln( K ) ! # ln(1 K ) represents the entropy of the uniform distribution or
maximum uncertainty. When S ( p) ! 0 there is complete certainty or perfect information and
when S ( p) ! 1 there is complete uncertainty about the distribution. The normalized entropy
metric can be used to track changes in the uncertainty as additional data is collected and
information acquired [11]. Following from the earlier discussion on information and pollution
problems, we can, in principle, model the entire spectrum of possible pollution control problems
by incorporating this interpretation of information entropy into the management model.
There is a second application of the information entropy as well. That is, the estimation
of parameter distributions. Jaynes [22] shows that the entropy criterion maximizes the
multiplicity in the sense that the selected distribution is the one that can be realized in the
greatest number of ways, and consistent with what is known (i.e., the data). The particular
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problem we face is estimating sediment loading parameters for more sources than there are
ambient sediment measures. This is similar to the problem of reconstructing images from sparse
data where maximum entropy methods have been used in the past [15, 16, 39].
Several advantages in using the entropy approach over least squares or maximum
likelihood estimation make it well suited for estimating NPS pollution parameters, where the
underlying distributions for the natural system are unknown and the pollution generation is from
diffuse sources. First, the error distribution does not have to be specified in the entropy
approach. It is, however, estimated from the data. Second, given that in any given period there
are more pollution source parameters to estimate than observations (i.e., the problem is illposed), inverting the matrix of explanatory variables is difficult. The entropy approach avoids
inverting matrices, freeing the researcher to infer model parameters without degree of freedom
restrictions or knowledge of the underlying distribution that are necessary to employ least
squares or maximum likelihood estimation. In addition, the SEF can be employed to empirically
model statistical learning (Bayesian updating) and avoids integrating over multiple dimensions
[24]. Conventional modeling of Bayesian learning by integrating over joint density functions is
often very cumbersome [6]. Given that the SEF has desirable properties, we employ it in
estimating unknown sediment loading parameters.

IV. THE SEDIMENT CONTROL MODEL
In the sediment control model, we assume the manager knows the location and size of the
sources but there is uncertainty (incomplete information) about the generation of sediment from
each upstream source.3 The pollution control manager decides how to optimally allocate a
limited budget between abatement effort and information acquisition in order to minimize
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downstream sediment loads. Abatement directly reduces the sediment generation at the
upstream sources. However, the manager can improve the abatement effectiveness by acquiring
information that reduces the sediment generation uncertainty. If information is sequentially
acquired (i.e., learning), then the degree of uncertainty declines with each sequential update, at a
decreasing rate. In some situations, a NPS problem may evolve to a PS one given that sufficient
information is acquired.
This new model generalizes the problem to any type of pollution. In the model,
information about sediment generation is acquired through a single channel, namely data
collection. Data collection is often limited to stream flow for dispersed upstream sources and a
downstream ambient sediment load measure for the main watercourse. If there is significant
variability in and between the stream flow from the sediment generating sources, then changes in
stream flow can be compared with changes in aggregate sediment load to estimate the
unobservable pollution generated by each source. As mentioned, the model used to estimate the
sediment load relationship follows from Singh and Krstanovic [38].4
To construct the model let Q(t ) denote the downstream ambient sediment load at time t,
which is a linear combination of the unobservable sediment generated from N upstream sources
denoted as q1 (t ), q 2 (t ),!, q N (t ) . Although the manager does not know the sediment generated
from each of the N upstream sources she has a subjective expectation denoted as
q 1 (t ), q 2 (t ),!, q N (t ) . If we assume a simple linear specification for the relationship between
the upstream sediment generation and downstream ambient load then it follows that
Q(t ) !

N

"q

n !1

n

(t ) !

N

" q n ( flow n (t ), E (s n (t )), R n (t ))

(3)

n !1
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where the sediment generated at each of the N sources is a function of flow n (t ) , observable
stream flow at the source at time t, s n (t ) , an unobservable sediment loading parameter at time t,
E is the expectation operator, and R n (t ) is the level of abatement effort for the nth source at
time t. Let s kn (t ) be the kth state of nature for the nth sediment loading parameter and p kn (t ) be
the probability that s n (t ) ! s kn (t ) . We set k = 2 to simplify the presentation and write the
probabilities as p1n (t ) and p 2n (t ) ! 1 # p1n (t ) , which allows us to reduce the number of state
equations from N*k to N. The controls are + (t ) and R (t ) ! ( R1 (t ), R 2 (t ), ! , R N (t )) , the data
collection intensity and level of abatement effort at each of the N sources, respectively. The data
collection intensity provides information that allows the manager to update the probabilities
p1n (t ) and p 2n (t ) . Abatement effort at any of the diffuse sources decreases the sediment

loading parameter states for that source. The state equations of motion for the probabilities are
p" 1n ! g n (+ (t ); p1n (t )), ,n , -g / -+ free

(4)

The function g n updates the probability distribution on the unobservable sediment loading
parameter states when information is acquired. The partial derivative -g / -+ may be positive or
negative and will depend on whether the information contained in the data increases or decreases
the posterior probability for the given state of nature. The equations of motion for the sediment
loading parameter states are
s"kn ! #b n R n (t ) s kn (t ),,k , ,n

(5)

Without loss of generality, we assume a linear specification for the sediment loading parameter
equations of motion, where -bn is the marginal decline in the sediment loading state for a given
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abatement effort. To reduce the number of state equations, we sum the k sediment loading
parameter state equations of motion for each of the N sediment loading parameters and obtain

s"1n . s"2n ! #b n R n (t )[ s1n (t ) . s 2n (t )],,n

(6)

Using the post-data probabilities and post-abatement sediment loading parameter states we can
construct the expected sediment loading parameter for each source
E ( s n (t )) ! " s kn (t ) p kn (t )

(7)

k

The sediment loading uncertainty about the known sources at a given time is measured with the
normalized information entropy metric over all sediment loading distributions or formally

S ( p (t )) !

# " " p n (t ) ln p n (t )
n k

k

k

N ln( K )

(8)

In every time period the public manager is constrained by a budget B(t), which is
allocated between + (t ) and R (t ) . We simplify the cost functions to focus our attention on the
tradeoff between information acquisition and abatement effort. We assume constant per unit
costs of data collection, m, and abatement, c, and that per unit abatement costs are identical
across sites. Thus, the budget constraint is
B (t ) ! c " R n (t ) . + (t )m

(9)

n

The optimal control problem facing the pollution manager is to choose the optimal paths
of data collection intensity and abatement effort so as to minimize the downstream sediment
load. The time horizon for this problem is assumed to be infinite since there is no mandatory
future date by which the control problem is expected to cease. Therefore the optimization
problem is5
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Min
+ (t ),R1(t ),R2 (t ),!,R N (t )

/

0

0

Q(t )dt

(10)

subject to
N

Q(t ) ! " q n ( E[ s n (t )], flow n (t ), R(t ))

(10a)

p" 1n ! g n (+ (t ); p1n (t )), ,n , p1n (0) ! p1n,0 , ,n , p 2n (0) ! p 2n,0 ! 1 # p1n,0 , ,n

(10b)

lim p1n (t ) ! p1n , ,n , lim p 2n (t ) ! p 2n ! 1 # p1n , ,n ,

(10c)

s"1n . s"2n ! #b n R n ( s1n (t ) . s 2n (t )),,n , s kn (0) ! s kn,0 , ,k , ,n , lim s kn (t ) ! s kn , ,k , ,n ,
t 10

(10d)

E ( s n (t )) ! " s kn (t ) p kn (t ) ,

(10e)

n !1

t 10

t 10

k

N

B (t ) ! c " R n (t ) . + (t )m .

(10f)

n !1

Note, the initial probability p1n,0 and p 2n,0 are the subjective prior probabilities on the nth
sediment loading parameter state. Also, in the limit the probabilities on the N*i sediment loading
parameter states tend towards p1n and p 2n , respectively.
To solve this optimal control problem, we first construct the Hamiltonian,
N

H ! " q n ( E[ s n (t )], p1n (+ (t )), flow n (t ))
n !1

. " 2np (t ) g n ( p1n (t ),+ (t )) # " 2ns (t )b n R n (t )[ s1n (t ) . s 2n (t )]
n

(11)

n

where 2 np and 2 ns are the costate variables for the probabilities and sediment loading states at
the N sources, respectively. Now we form the Lagrangian to incorporate the budget constraint,
such that,
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N

L(t ) ! " q n ( E ( s n (t )), flow n (t )) . " 2np (t ) g n ( p1n (t ),+ (t ))
n !1

n

N

(12)

# " 2ns (t )b n R n (t )[ s1n (t ) . s 2n (t )] . 3 (t )[c " R n (t ) . + (t )m # B ]
n !1

n

where 3 (t) is the shadow value on the budget resources at time t. For details on the
specification of the Lagrangian and Hamiltonian for this mixed constraint problem see Seierstad
and Sydsaeter [34 p. 269-277].
The necessary conditions to minimize the Lagrangian are (we suppress t as the argument of
functions whenever no confusion arises)
-g n
-L N -q n
. 3m ! 0 ,
. 2np
!"
-+
-+ n!1 -+

4

(13a)

5

-L
-q n
!
# 2ns b n s1n . s 2n . 3c ! 0, ,n ,
n
n
-R
-R

(13b)

n
-q n
n
n -g
"
2p ! #
# 2p
, ,n , lim 2 np (t ) ! 2 np , ,n ,
n
n
t 10
-p1
-p1

(13c)

2"ns ! #

-q n
-[ s1n

. s 2n ]

. 2ns b n R n , ,n , lim 2 ns (t ) ! 2 sn , ,n ,
t 10

(13d)

p" 1n ! g n ( p1n , + ), ,n , p1n (0) ! p1n,0 , ,n , p 2n (0) ! 1 # p1n,0 , ,n ,

(13e)

lim p1n (t ) ! p1n , ,n , lim p 2n (t ) ! 1 # p1n , ,n ,
t 10
t 10

(13f)

s"1n . s"2n ! #b n R n [ s1n . s 2n ],,n , s kn (0) ! s kn,0 , ,k , ,n , lim s kn (t ) ! s kn , ,k , ,n ,
t 10

(13g)

N

B ! c " R n . +m , 3 6 0 .

(13h)

n !1

13

The control problem does not allow us to solve for an analytical solution; however, we
can still derive some qualitative properties from the necessary conditions. First, equation (13a)
and (13b) provide the optimal conditions for choosing data collection intensities and abatement
effort. These optimal conditions state the familiar story of selecting inputs so that the expected
marginal benefits from employing an input equals its marginal cost. Farzin and Kaplan [7] and
others noted that information acquisition is a collective good. Similarly, equation (13a) defines
the optimal data collection intensity as the intensity where the expected value of acquired
information (i.e., the increased abatement effectiveness in sediment control over all sources) is
equal to the marginal opportunity cost of acquiring information. There is another interesting
result obtained from (13a) and (13b) as well. We solve (13a) and (13b) for the shadow value on
the budget constraint ( 3 ) and then equating these expressions for 3 yields
) N -q n
) -q 1
&
-g n &
$$ ! 1 / c'' 1 # 21s b1 s11 (t ) . s 12 (t ) $$
. 2np
1 / m'' "
-+ %
( n !1 -+
( -R
%
N
) -q
&
! ! ! 1 / c'' N # 2 sN b N s1N (t ) . s 2N (t ) $$
( -R
%

4

4

5

5

(14)

The economic interpretation of equation (14) is that, at any time, the expected benefits from a
dollar spent on data collection equals the expected benefits from the same dollar spent on
abatement at any of the sites. This must be so in an efficient allocation of the budget between (i)
data collection and abatement efforts, and (ii) allocation of abatement efforts across the sites, for
otherwise, either a reallocation between + and R n or between R n and R j can further lower the
sediment load in each time period. In other words, the manager chooses data collection intensity
and the levels of abatement effort at the polluting sources such that the cost adjusted marginal
benefits obtained from data collection (an aggregate good) equals the cost adjusted marginal
benefits from the abatement effort (site-specific goods).
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V. EMPIRICAL APPLICATION
Redwood National Park was established in 1968 to preserve the coastal redwood
(Sequoia sempervirens) forest ecosystem. The Tall Trees Grove, which includes several of the
world's tallest trees, is located adjacent to Redwood Creek within the Park. Erosion from the
upstream logging road network increases sediment delivery to streams, resulting in destabilized
stream channels, dramatic geomorphic changes, and the subsequent loss of aquatic and riparian
habitat. Most importantly, the Tall Trees Grove was subject to increased flooding, bank erosion
and an elevated water table, which increases the likelihood that the world’s tallest trees will
topple [41].
To protect the grove, the United States Congress expanded the park in 1978 to include
36,000 additional acres upslope of the original Redwood Creek corridor. In 1981, Congress
directed the United States National Park Service to minimize erosion from past land uses, reestablishing native patterns of vegetation, and protecting aquatic and riparian resources within
tributaries and along the main stem of Redwood Creek [41]. The primary focus of erosion
control would be to prevent or reduce erosion from logging roads within the Park [42]. Managers
in the park identified the road network from past logging as the most probable sediment
contributors to Redwood Creek. Logging roads are generally considered the principal
contributor to sediment loading in logged forests [29, 43, 44].
To date nearly 100 road rehabilitation projects have been completed within the Park
boundary. We collected data on the miles of road removals (abatement effort), removal costs,
and data collection costs from unpublished project reports and data collection contracts for the
period spanning 1981 to 1988. This time period provides the most complete data set. Abatement
effort occurs primarily during the summer months because of the severity and timing of the rain
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season in northwestern California. The rain season usually begins in October and continues
through April. The conditions during the rain season make it nearly impossible to enter the
upstream areas of the Park and undertake abatement efforts.
To model the sediment loading process daily stream flow and ambient sediment load
measures were obtained from United States Geological Survey (USGS) gaging stations located
along Redwood Creek (see Figure 1). The stream flow and sediment load data used in the
analysis was gathered for five rain seasons, with the first season beginning in 1984 and the last
season ending in 1989. The Park arranged with the USGS to collect daily sediment load
measures only at the Orick and Blue Lake gaging stations. The difference between the upstream
and downstream sediment measures constitutes the total sediment entering Redwood Creek
between Blue Lake and Orick. Daily stream flow, however, is measured at all seven gaging
stations. In total, there are 957 daily observations of stream flow and sediment loading spanning
the five rain seasons. The data from the gaging stations delineates six catchment regions as
sediment generating sources (see Table I). This sediment and stream flow data correspond to the
data collected in the theoretical model above.
In the empirical estimation the single ambient sediment measure is disaggregated among
the six-catchment regions and then sequentially updated, as new data becomes available (i.e.,
with each daily observation). We also estimate and sequentially update the random state equation
parameters. Two estimation scenarios are considered. In the first case, defined as high intensity
data collection, we use the disaggregated stream flow data. In the second case, defined as low
intensity data collection, the stream flow data for the lower reach of the creek (i.e., downstream
from the Redwood Creek at Panther Creek gaging station) are combined into one stream flow
measure, and the stream flow data for the upper reach of the creek are combined into a separate
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single measure. This delineation of Redwood Creek corresponds to the reaches of the Creek
inside and outside of the Park boundary, respectively. These different data collection scenarios
provide estimates of the sediment loading distributions, which are used later in the simulated
sediment control model.
Previous empirical application of the entropy metric in state space modeling, which is
used here, has been limited. Golan, Judge and Karp [12], in the context of a dynamic discrete
time model, present the generalized maximum entropy (GME) approach for estimating
unobservable state space parameters. Similarly, Fernandez [9] employs an entropy approach to
estimate an inverse control problem of the parameters of an objective function, state equation,
and control rule with time series data. However, her paper is focused on point sources not NPS
where the sequential updating potential of the entropy formalism does not apply. Singh and
Krstanovic [38] estimate sediment yield using a maximum entropy procedure. The sediment
loading model described below draws on this latter work.
The empirical state and observation equations are defined as
E ( s n (t )) ! E ( s n (t # 1))[ g n (+ (t )) # 7 n (+ (t )) R n (t )] . v n (t ),,n

(15)

ln q n (t ) ! E ( s n (t ) ) ln ( flo wn (t ) ) . w n (t ), ,n

(16)

where q n (t ) is now defined as the estimated unobservable sediment generated from the nth
source subject to the constraint
Q(t ) !

N

" q n (t )

(17)

n !1
n

v and wn are random errors with mean zero and variances V and W, respectively. Equation (15)
is a simplified combination of equation (4) and (5) with an additive error term. We derive
equation (16) by adding an error term to the log transformation of a known hydrological
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relationship between stream flow and sediment loading taken from Singh and Krstanovic [38],
which is defined as
n
q n (t ) ! a ( flw n (t )) E ( s (t )) .

(18)

where a is a constant term assumed to be equal to one.
To estimate probability distributions for the random model parameters, the following
reparameterization from parameter space to probability space is necessary.
E ( s n (t ))!" s kn (t ) p kn (t ), ,n , g n (t ) ! " z kn, g 8 kn (t ), ,n , b n (t ) !" z kn,b 7 kn (t ), ,n ,
k

k

k

w n (t ) !" z kn,w p kn,w (t ), ,n , and v n (t ) !" z kn,v p kn,v (t ), ,n ,
k

(19)

k

where s kn (t ), z kn, g , z kn,b , z kn, w , and z kn,v are support values for the respective distributions that
represent the constraints on the probability space. Note that the support values are analogous to
the states of nature described in the theoretical section and thus have the same subscript to denote
the various support values. The probability distributions sum to unity;

" p kn (t ) ! 1, ,n , " 8 kn (t ) ! 1, ,n , " 7 kn (t ) ! 1, ,n ,
k

k

k

" p kn,w (t ) ! 1, ,n and " p kn,v (t ) ! 1, ,n
k

(20)

k

Substituting (19) into (15) and (16) yields the new reparameterized updating rules.

)
&)
&
n, g
" s kn (t ) p kn (t ) ! ' " s kn (t # 1) p kn (t # 1) $' " z k 8 kn (t ) # R n " z kn,b 7 kn (t ) $
k

(

%(

k

."
k

z kn,v

k

k

%

(21)

p kn,v (t ),,n

and
)
&
ln qtn ! ' " s kn (t ) p kn (t ) $ ln ( flwtn ) . " z kn,w p kn, w (t ), ,n
k
(k
%

(22)
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In each time period t, the entropy specification of the objective function is
Min

p n , 7 n ,8 n , p n , w , p n ,v

) p kn &
) 7 kn &
) 8 kn &
n
n
n
'
$
'
$
.
ln
ln
.
ln
p
7
8
" " k ' ~ n $ " " k ' ~ n $ " " k '' ~ n $$
n k
( pk % n k
( 7k % n k
(8 k %

(23)

. " " p n, w ln p n, w . " p n, v ln p n, v
n k

k

k

k

k

k

~
subject to equations (17), (20), (21) and (22), where ~
p kn 9 p kn (t # 1), ,n , 7 kn 9 7 kn (t # 1), ,n ,

and 8~kn 9 8 kn (t # 1), ,n are the prior probabilities. This specification of the entropy objective
function is a combination of generalized ME and CE as discussed in Golan, Judge and Miller
[11].
~
We assume the initial prior probabilities ~
p , 7 , and 8~ , are uniformly distributed. In other
words, any state or value is as likely as any other and thus the probabilities will be equal to

1
,
K

where K is the total number of support values.6 The number of support values is limited to three
[11]. The support values chosen here and elsewhere throughout the analysis may be considered
as prior beliefs that are imposed on the model. The support values for s n and z n,b range from
0.0 to 2.0. This implies that rainfall has a non-negative impact on sediment loading and
abatement has a non-positive impact on sediment loading. Further, the upper bounds on s n are
set to contain estimates derived for other river systems as reported in Singh and Krstanovic [38].
The estimation tells us which catchment region deviates from the original uniform prior
distribution. The values for z n, g range from 0.0 to 2.0 as well. This range allows the
information effect ( g n ) to increase or decrease the expected sediment loading but does not allow
the loading to decrease with increases in rainfall.
Specification of support values for the error terms is complicated by the fact that the error
bounds influence the estimated parameters. As the error bound widens the estimated posterior
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distributions are closer to the prior distributions [11, pg. 109]. Preckel [30] shows that as the
error bound grows the entropy estimated parameters approach least squares estimated parameter
values. To alleviate concern over the robustness of the results to changes in the support values
for the errors, two sets of conservative support values for z w are considered (zw *[-50.50] and zw
*[-100,100]). These ranges translate into :6; and :12; respectively where ; is the standard
v

deviation for the ambient sediment load. The support values for z range from –1.0 to 1.0. After
estimating posterior distributions from the first observation, and following the logic of the cross
entropy formalism, all subsequent prior probabilities are the previous period estimated posterior
probabilities.
The entropy estimation results appear in Figure 2 through Figure 6 and Table II through
Table VI. Figure 2a and 2b illustrates the information acquired under the two data collection
intensities and error support values. Recall that normalized information entropy of one represents
complete uncertainty and normalized information entropy of zero represents certainty. It appears
that information is acquired (uncertainty reduced) under both data collection scenarios. The
acquisition of information is greater for the high intensity data collection than for low intensity.
Also the difference in information acquisition between high and low intensity is greater when the
error bounds are set at the lower value (i.e., zw*[-50,50]). These results can also be interpreted
as an improvement in the predictability of the sediment loading parameters. For instance under
the high intensity data collection scenario and when the error bound is set at the lower values the
predictability of the system increases by nearly 40 percent. We also observe under the high
intensity scenario that information acquisition exhibits decreasing returns to data collection (i.e.,
the high intensity information acquisition function appears convex).
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Figure 3a and 3b shows the low intensity scenario estimates for the two sediment loading
parameters, where s1 is the expected sediment loading parameter for the upper reach of
Redwood Creek and s2 is the expected sediment loading parameter for the lower reach. The
relative magnitude of these parameters appears to be consistent across the different support value
ranges with a greater difference apparent in the lower value case. We can infer from this result
that, for a given rainfall event the majority of sediment loading will be generated from the upper
reach of the creek outside the Park. Table II presents the estimated expected sediment loading
parameters for the low intensity data collection scenarios obtained at the end of the rain season
along with standard errors. We do not provide a statistic for the goodness of fit for this empirical
exercise because it is predetermined by the constraint imposed by equation (17), which states
that the estimated unobservable sediment loading from all sources must equal the observed
ambient sediment load.
Figure 4a and 4b show the result for the high intensity data collection scenario. In these
results we again see greater separation among the expected sediment loading parameters when
the lower error bounds are evaluated (i.e., greater information acquisition). As with the low
intensity data collection scenario result, we see that the sediment loading from the catchment
regions outside the Park are greater than inside the Park. Table III and IV present the end of the
rain season sediment loading parameter values for comparison. These results suggest that the
majority of the sediment loading is more likely generated upstream from the park boundary and
thus abatement effort may be more wisely spent treating roads outside the park. Overall, these
results for the low and high intensity scenarios suggest that the level of aggregation of the stream
flow measure affects the managers’ ability to acquire information and produce more predictable
parameter estimates and consequentially greater precision in their policy response.
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The estimated marginal information acquisition parameters (g) that are defined in
equations (15) and (19) are shown in Fig. 5 and 6. Only one figure is presented for the each data
collection scenario since the estimated parameter are nearly identical except for g6 in the high
intensity scenario where the value in the parentheses denotes the bound on the error support
space. Table V and VI shows the end of the rain season results. The abatement parameters
b ! b 1 , b 2 , ! , b 6 did not change from the prior expected value of 0.001 and therefore are not

shown. This lack of deviation for the information acquisition parameters and the abatement
parameters suggests that either the information contained in the data was insufficient for the
model to detect a deviation from the prior expected value or that the parameter has a value equal
to the prior expected value. The former explanation seems more plausible. The lack of variation
with respect to the abatement parameters may also be a result of the limited observation and
variation in the explanatory variable (five observations on road removal are used to estimate the
parameter on abatement effort in the model).

VI. MODEL SIMULATION AND POLICY ANALYSIS
The control model defined in equation (10) was calibrated with the estimation results
reported above and additional data provided by the Redwood National Park staff. For ease of
illustration, the abatement cost function was estimated with ordinary least squares using a linear
specification without an intercept term since it is assumed that there are no fixed cost of
abatement. The estimated abatement cost function, ac n , where ac n ! cR n is
ac n ! 1754.88 R n , R 2 ! 0.223
(9.897)

(24)

The t-statistic is reported in parentheses. The data collection costs under the varying intensities
are respectively, m(low intensity) = $41,154 and m(high intensity) = $93,712. These data
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collection cost figures are taken from data collection contracts between the USGS and the Park.
The annual budget is B = $200,000, which is the rounded average annual expenditure on logging
road removal. The model is simulated over a ten year period.
The policy analysis involves simulating the model under three scenarios. First, a uniform
abatement policy is simulated, where all catchment regions are assumed to load sediment in
proportion to their relative area. This first scenario coincides with the current policy employed
in the Park which assumes that the largest catchment region (region 6) is the largest contributor
to the sediment loading observed at the Orick gaging station. This assumption implies that all
the abatement effort will be concentrated in this catchment region and no data are collected.
Under this situation the budget allows for the removal of 114 miles of roads from region 6 each
summer. Next, two scenarios depicting low and high intensity data collection are simulated.
Here, the manager incorporates the information acquired through data collection to reallocate
resources from relatively low sediment generating regions to relatively high sediment generating
regions but total expenditures on abatement are reduced due to data collection costs.
The results from the policy simulations are shown in Table VII and Figure 7. First, we
see in Table VII that the optimal abatement for high intensity data collection has no abatement
effort concentrated in region 6. After the first two years, the low intensity data collection
abatement effort is mostly concentrated in the upper reach of Redwood Creek but does show a
movement of abatement effort away from this region and toward the other regions over time.
Given that the high intensity data collection allows the manager to treat the relatively high
sediment generating regions, we see in Figure 7 that the annual average daily sediment loads are
initially lowest for this data collection scenario. After four years the low intensity scenario
lowers sediment loads below the levels for the high intensity data collection scenario since the
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low intensity data collection eventually provides information that allows the manager to
reallocate resources to abatement effort at the relatively high sediment generating region. We
clearly see that the sediment loads over time are greatest for the no data scenario. We observe
that over time a switch in the superiority between the low intensity scenario and high intensity
scenario occurs. This switch results for two reasons. First, with decreasing returns to
information acquisition the marginal productivity of data collection for the high intensity
scenario falls below the marginal productivity of data collection for the low intensity scenario.
Second, the low intensity scenario is less costly, leaving greater resources available for
abatement effort. Taken together these two effects suggest that less data collection will be
needed at some time in the future to achieve the minimum level of sediment loading. Another
interesting result from this simulation exercise is that the level of abatement activity across the
sources becomes more homogenous with time. This occurs because the marginal reduction in
sediment generation also exhibits decreasing returns to abatement effort such that over time the
marginal reduction in sediment for a given expenditure tends to equilibrate across all sources
such that homogenous abatement may occur throughout the upstream sediment generating
sources.

VII. SUMMARY
In this paper, we present an empirical application of the public management of NPS
pollution under conditions of incomplete and costly information. The application is the problem
of sediment loading in Redwood Creek, which flows into and through Redwood National Park,
located in Orick, California. The empirical estimation of the sediment loading parameters is
conducted using the sequential entropy filter. This application shows the practical use of the
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entropy formalism for estimating ill-posed problems. We also employ the entropy metric to
characterize the level of incomplete information about the pollution loading that provides a more
tractable measure for determining whether a pollution problem is point source or nonpoint
source.
In addition, this paper simulates three policy options. These options include an
abatement policy where no data is collected and all polluting sources are assumed to produce the
same sediment per square mile, and low and high intensity data collection policies. Data
collection implies that the manager reallocates the budget to collect data in order to improve the
abatement effectiveness and thus reduce sediment-related damage within the creek. The
simulation results show that when sufficient information is acquired, the manager can more
effectively allocate limited resources to reduce sediment loads. In other words, despite the
budgetary restrictions on public expenditures, a greater intensity of data collection, and thus
fewer resources available for sediment load abatement, results in greater reductions in
uncertainty and sediment loading. This suggests that diverting some resources from abatement
effort to information acquisition in order to improve the overall abatement effectiveness may
enhance NPS pollution control. In addition, we may see a switching in data collection regimes
as time goes by, given decreasing returns to information acquisition. Furthermore, we may also
expect to see movement toward homogenous abatement across all sources as the marginal
productivity of abatement equalizes across the sources.
There are several limitations to interpreting these results, however. First, the analysis is
based on a single sediment control program. We may wish in the future to consider other
watersheds and, in particular, watersheds where economic activity is still occurring. Further,
only have 5 year data on which to estimate the model parameters. This difficulty is common to
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many resource policy problems. Time series on pollution related problems are currently being
collected. It will be some time before long series are available. This situation demonstrates the
advantages of sequential updating with the SEF. It allows policy makers to use new information,
as it becomes available and avoids having to wait for an extended period of time to learn where
the pollution is generated. If we wait too long without taking remedial action we may find that
irreversible damage, such as the loss of ancient redwood trees, occurs.
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FIG. 1. A Simple Representation of Redwood Creek Watershed.
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FIG. 2a. Normalized Entropy for Low and High Intensity Data Collection when zw *[-50,50]
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FIG. 2b. Normalized Entropy for Low and High Intensity Data Collection when zw *[-100,100].
1.5

1

E(s)

s1

0.5
s2

0
1

957
Rain Days

FIG. 3a. Low Intensity Scenario Estimated Sediment Loading Parameters when zw *[-50,50];
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FIG. 3b. Low Intensity Scenario Estimated Sediment Loading Parameters when zw *[-100,100].
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FIG. 4a. High Intensity Scenario Estimated Sediment Loading Parameters when zw *[-50,50].
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Table I
Catchment Regions and Respective Area
Sediment Loading Parameter
Catchment Region
Area (sq. mi.)
1
s
Coyote Creek
7.78
s2
Upper Redwood Creek
65.4
3
Lacks Creek
16.9
s
Panther Creek
6.07
s4
Lost Man Creek
3.46
s5
Lower Redwood Creek
115.8
s6
Note: Upper Redwood Creek region consists of Redwood Creek above Panther Creek
and below Blue Lake accounting for Lacks Creek. Lower Redwood Creek region is
downstream of Panther Creek accounting for Coyote Creek and Lost Man Creek.
Table II
End of Rain Season Estimated Sediment Loading Parameters
Under Low Intensity Data Collection
s2
s1
s2
s1
w
w
w
Season zw *[-50,50]
z *[-50,50]
z *[-100,100] z *[-100,100]
1
0.8448
0.7322
0.9473
0.8335
(0.0913)
(0.0868)
(0.0339)
(0.0337)
2
0.6937
0.6010
0.8595
0.7794
(0.0425)
(0.0256)
(0.0136)
(0.0115)
3
0.6687
0.6048
0.8057
0.7883
(0.0406)
(0.0254)
(0.0129)
(0.0171)
4
0.6507
0.4769
0.7638
0.6769
(0.0550)
(0.0416)
(0.0192)
(0.0267)
5
0.6778
0.4574
0.7325
0.6642
(0.1285)
(0.0369)
(0.0148)
(0.0122)
note: standard errors reported in parentheses
Table III
End of Rain Season Estimated Sediment Loading Parameters
Under High Intensity Data Collection with zw *[-50,50]
Season
s1
s2
s3
s4
s5
s6
1
0.8888
0.6829
0.8189
0.8654
0.9634
0.7178
(0.0689) (0.1703) (0.1077) (0.0940) (0.0331) (0.2005)
2
0.9089
0.3545
0.6080
0.6766
0.9212
0.3036
(0.0981) (0.0367) (0.0331) (0.0274) (0.0116) (0.0386)
3
1.0053
0.2375
0.4638
0.5551
0.8853
0.1278
(0.0689) (0.0231) (0.0328) (0.0290) (0.0070) (0.0354)
4
1.0598
0.1702
0.3657
0.4663
0.8389
0.0950
(0.0533) (0.0238) (0.0370) (0.0384) (0.0274) (0.0087)
5
1.0872
0.1157
0.2788
0.3781
0.7869
0.0575
(0.1204) (0.0008) (0.0025) (0.0019) (0.0022) (0.0047)
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Table IV
End of Rain Season Estimated Sediment Loading Parameters
Under High Intensity Data Collection with zw *[-100,100]
Season
s1
s2
s3
s4
s5
1
0.9641
0.8893
0.9431
0.9596
0.9888
(0.0247) (0.0683) (0.0365) (0.0297) (0.0098)
2
0.9068
0.7314
0.8575
0.8900
0.9721
(0.0128) (0.0196) (0.0158) (0.0129) (0.0049)
3
0.8643
0.6399
0.7862
0.8343
0.9563
(0.0105) (0.0204) (0.0186) (0.0143) (0.0035)
4
0.8491
0.5732
0.7252
0.7865
0.9493
(0.0132) (0.0337) (0.0242) (0.0204) (0.0070)
5
0.8490
0.4935
0.6735
0.7532
0.9362
(0.0327) (0.0040) (0.0033) (0.0043) (0.0010)

s6
0.9478
(0.0959)
0.6957
(0.0281)
0.5073
(0.030)
0.4702
(0.0335)
0.3418
(0.0083)

Table V
End of Rain Season Estimated Information Acquisition Parameters
Under High Intensity Data Collection with zw *[-50,50]
Season
S1
S2
S3
S4
S5
S6
1
0.9987
0.9965
0.9978
0.998
0.9995
0.8825
(0.0017) (0.0027) (0.0016) (0.0013) (0.0006) (0.0082)
2
0.998
0.9971
0.9972
0.9979
0.9988
0.9107
(0.0028) (0.0014) (0.0011) (0.0009) (0.0008) (0.0048)
3
0.9981
0.9979
0.9971
0.9969
0.9991
0.9746
(0.0024) (0.0017) (0.0013) (0.0011) (0.0003) (0.0140)
4
0.9989
0.9953
0.9963
0.9977
0.9992
0.9466
(0.0024) (0.0011) (0.0014) (0.0013) (0.0008) (0.0083)
5
0.9997
0.9996
0.9999
0.9998
0.9995
0.9585
(0.0019) (0.0013) (0.0008) (0.0004) (0.0004) (0.0034)
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Table VI
End of Rain Season Estimated Information Acquisition Parameters
Under High Intensity Data Collection with zw *[-100,100]
Season
S1
S2
S3
S4
S5
S6
1
0.9996
0.9986
0.9994
0.9994
0.9999
0.8854
(0.0003) (0.0007) (0.0004) (0.0003) (0.0002) (0.0069)
2
0.9994
0.9984
0.9991
0.9994
0.9997
0.9116
(0.0003) (0.0009) (0.0004) (0.0003) (0.0002) (0.0026)
3
0.9994
0.998
0.999
0.9991
0.9998
0.9779
(0.0006) (0.0009) (0.0004) (0.0003) (0.0001) (0.0084)
4
0.9996
0.9985
0.9993
0.9996
0.9999
0.944
(0.0007) (0.0008) (0.0004) (0.0004) (0.0004) (0.0067)
5
0.9999
0.9994
0.9995
0.9996
0.9997
0.9738
(0.0008) (0.0005) (0.0003) (0.0004) (0.0001) (0.0053)
Table VII
Optimal Abatement under Low and High Intensity Data Collection with zw *[-50,50]
High Intensity
Low Intensity
1
2
3
4
5
6
Year
R
R
R
R
R
R
R1
R2
1
0.0
60.5
0.0
0.0
0.0
0.0
71.15
19.37
2
0.0
57.4
3.2
0.0
0.0
0.0
66.13
24.39
3
0.0
39.4
21.2
0.0
0.0
0.0
10.28
80.23
4
0.0
19.2
41.3
0.0
0.0
0.0
16.81
73.71
5
48.1
0.0
12.5
0.0
0.0
0.0
26.31
64.20
6
0.0
35.3
25.3
0.0
0.0
0.0
30.23
60.29
7
8.1
16.9
17.0
18.5
0.0
0.0
18.24
72.27
8
8.6
33.8
10.6
7.5
0.0
0.0
49.78
40.74
9
18.3
3.6
26.6
12.0
0.0
0.0
35.00
55.52
10
47.9
0.0
3.9
8.7
0.0
0.0
22.01
68.50
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1. The government is responsible for managing or authorizing the use of public lands for
silviculture, grazing, drainage from abandoned mines, recreation or hydromodification. These
activities contribute to NPS water pollution. In the Western United States these activities occur
on over half the land area in approximately 60 percent of the watersheds [44].
2. Sediment yield and sediment load refers to the same phenomenon namely a ton of sediment
per day measured in the watercourse. Mount [29, p. 17] refers to sediment load where as Singh
and Krstanovic [37] use the term sediment yield. In this paper the terms will be used
interchangeably.
3. We also assume that the economic activity, which initiated the generation of sediment loading,
has ceased. However, the pollution loading continues. This type of problem is common in
publicly owned forests and in mining regions where abandon mines become the responsibility of
public entities.
4. The model in their paper relates sediment yield to runoff, which we will refer to as stream
flow in the analysis below.
5

We assume this infinite time problem is bounded due to the fact that it is a minimizing

functional over a finite stock of pollution.
6. Although the managers have knowledge to differentiate the sources, the uniform distribution is
chosen to reflect the knowledge prior to the enactment of the sediment control program. The
solution to the optimal control problem is sensitive to the initial prior subjective probability
distribution given the marginal benefit from data collection is sensitive to this distribution. For
instance, if the prior distribution is close to the actual sediment loading distribution then the
marginal benefit of data collection will be low.
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